On the relation between cost and service models for general inventory systems by Houtum, G.J. van & Zijm, W.H.M.
Faculty of Mathematical Sciences
University of Twente
University for Technical and Social Sciences
P.O. Box 217
7500 AE Enschede
The Netherlands
Phone: +31-53-4893400
Fax: +31-53-4893114
Email: memo@math.utwente.nl
Memorandum No. 1522
On the relation between cost and service
models for general inventory systems
G.J. van Houtum1 and W.H.M. Zijm
April 2000
ISSN 0169-2690
1Eindhoven University of Technology, Faculty of Technology Management, P.O. Box 513, 5600 MB Eindhoven,
The Netherlands
Rq wkh Uhodwlrq ehwzhhq Frvw dqg Vhuylfh Prghov
iru Jhqhudo Lqyhqwru| V|vwhpv
J1M1 ydq Krxwxp@ dqg Z1K1P1 ]lmp@cKc
@ Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|/ Idfxow| ri Whfkqrorj| Pdqdjhphqw/
S1R1 Er{ 846/ 8933 PE Hlqgkryhq/ Wkh Qhwkhuodqgv
K Xqlyhuvlw| ri Wzhqwh/ Idfxow| ri Dssolhg Pdwkhpdwlfv
S1R1 Er{ 54:/ :833 DH Hqvfkhgh/ Wkh Qhwkhuodqgv
Iheuxdu| 5333
Devwudfw
Lq wklv sdshu/ zh suhvhqw d v|vwhpdwlf ryhuylhz ri srvvleoh uhodwlrqv ehwzhhq frvw
dqg vhuylfh prghov iru idluo| jhqhudo vlqjoh0 dqg pxowl0vwdjh lqyhqwru| v|vwhpv1 Lq
sduwlfxodu/ zh uhodwh ydulrxv w|shv ri shqdow| frvwv lq sxuh frvw prghov wr htxlydohqw
w|shv ri vhuylfh phdvxuhv lq vhuylfh prghov1 Zh vkrz krz dq rswlpdo srolf| iru
d vhuylfh prgho pd| eh rewdlqhg iurp frvw0rswlpdo srolflhv lq d uhodwhg sxuh frvw
prgho1 Sxuh frvw prghov kdyh ehhq vwxglhg h{whqvlyho| lq wkh olwhudwxuh1 E| rxu
uhvxowv lw vhhpv srvvleoh wr wudqvirup pdq| ri wkh nqrzq rswlpdo vroxwlrqv iru sxuh
frvw prghov wr vhuylfh prghov/ zklfk duh pruh dssursuldwh iurp d sudfwlfdo srlqw ri
ylhz1 D qxpehu ri h{dpsohv duh glvfxvvhg wr vkrz wkh jhqhudolw| dqg wkh srvvleo|
idu uhdfklqj frqvhtxhqfhv ri wkh uhvxowv1
Nh|zrugv= Lqyhqwru| prghov/ shqdow| frvwv/ vhuylfh ohyho frqvwudlqwv1
Fruuhvsrqglqj dxwkru1 Dgguhvv= Vhh deryh1 Skrqh= .64 73 57:596:1 Id{= .64 73 57978<91 H0pdlo=
z1k1p1}lmpCwp1wxh1qo 1
4 Lqwurgxfwlrq
Wklv sdshu lv zulwwhq dw wkh rffdvlrq ri wkh uhwluhphqw ri Mdds Zhvvhov dv d ixoo surihvvru
lq Vwrfkdvwlf Rshudwlrqv Uhvhdufk dw wkh Ghsduwphqw ri Pdwkhpdwlfv dqg Frpsxwlqj
Vflhqfh ri wkh Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|1 Gxulqj klv fduhhu ri pruh wkdq 68
|hduv/ klv whdfklqj dqg uhvhdufk kdv fryhuhg hogv vxfk dv Pdunry Ghflvlrq Surfhvvhv/
Surgxfwlrq dqg Lqyhqwru| Prghov/ Txhxhlqj Wkhru| dqg wrslfv lq Duwlfldo Lqwhooljhqfh
vxfk dv Qhxudo Qhwzrunv1 Wklv sdshu idoov zlwklq wkh vhfrqg fdwhjru|/ dqg zdv prwlydwhg
e| d vhulhv ri vwxglhv rq pxowl0hfkhorq v|vwhpv zulwwhq e| wkh fxuuhqw dxwkruv1 Lq Ydq
Krxwxp dqg ]lmp +4<<4,/ zh eulh | phqwlrqhg vrph uhodwlrqvklsv ehwzhhq frvw dqg
vhuylfh prghov lq vhuldo dqg dvvhpeo| v|vwhpv/ zlwkrxw jlylqj ghwdlohg surriv +wkh surriv
zhuh jlyhq lq Ydq Krxwxp +4<<3,,1 Odwhu zh uhdol}hg wkdw wkh uhodwlrqvklsv phqwlrqhg
wkhuh kdyh d pxfk eurdghu jhqhudolw| iru d odujh fodvv ri +vlqjoh0 dqg pxowl0vwdjh, lqyhqwru|
v|vwhpv/ zklfk kdv qrw ehhq glvfxvvhg lq wkh olwhudwxuh vr idu1 Wklv sdshu vhuyhv wr oo
wkdw jds1
D wkrurxjk vwxg| ri prghov ri vwrfkdvwlf lqyhqwru| v|vwhpv vwduwhg lq wkh odwh iwlhv
dqg hduo| vl{wlhv dw Vwdqirug Xqlyhuvlw| +vhh h1j1 Duurz/ Nduolq/ dqg Vfdui +4<8;,/ dqg Du0
urz/ Nduolq/ dqg Vxsshv +4<93,,1 Wkh| lqvsluhg qxphurxv dxwkruv wr vwxg| wkh g|qdplfv
ri lqyhqwru| v|vwhpv ryhu wlph1 Doprvw dozd|v/ wkhvh v|vwhpv zhuh prghohg lq whupv ri
lqyhqwru| kroglqj frvwv wr fryhu h{shqvhv uhodwhg wr fdslwdo wlhg xs lq vwrfnv/ frvwv ri
pdwhuldo kdqgolqj/ lqvxudqfh/ dqg vr rq/ dqg shqdow| frvwv wkdw zhuh jhqhudoo| uhodwhg wr
wkh lqdelolw| wr lpphgldwho| vdwlvi| dq h{rjhqrxv ghpdqg1 Wkh w|slfdo wudghr lq vxfk
prghov frqfhuqv wkh edodqfh ehwzhhq wkh dyhudjh lqyhvwphqw lq vwrfnv +ru/ dowhuqdwlyho|/
wkh dyhudjh kroglqj frvwv, dqg wkh frvwv dvvrfldwhg zlwk qrw lpphgldwho| vdwlvi|lqj gh0
pdqg gxh wr d vwrfnrxw +orvv ri jrrgzloo/ glvfrxqwv/ orvv ri pdunhw vkduh,1 Lq dgglwlrq/
rqh pd| dovr kdyh {hg dqg yduldeoh rughulqj frvwv iru hdfk rughu wkdw lv sodfhg dw d
vxssolhu1 Lq wkdw fdvh dovr d edodqfh kdv wr eh irxqg ehwzhhq rughulqj frvwv rq rqh vlgh
dqg kroglqj frvwv +iru f|foh vwrfn, rq wkh rwkhu vlgh1 Zlwklq frvw prghov rqh jhqhudoo|
dwwhpswv wr plqlpl}h wkh vxp ri doo frvwv +kroglqj/ shqdow| dqg srvvleo| rughulqj frvwv,1
Iru dq hduo| ryhuylhz ri wklv w|sh ri prghov/ vhh h1j1 Kdgoh| dqg Zklwlq +4<96,1
D zhoo0nqrzq fulwlflvp wr wkh dvvxpswlrq ri shqdow| frvwv lv wkdw wkhvh frvwv duh jhqhu0
doo| kdug wr txdqwli| +dowkrxjk wkhuh h{lvw vlwxdwlrqv zkhuh wkh| fdq eh hvwlpdwhg udwkhu
dffxudwho|/ h1j1 lq wkh fdvh ri d orvv ri surgxfwlrq fdsdflw| gxh wr d odfn ri pdwhuldov,1 Wr
ryhufrph wklv gl!fxow|/ pdq| dxwkruv kdyh ghyhorshg dqg dqdo|}hg prghov lq zklfk wkh
remhfwlyh lv wr plqlpl}h wkh lqyhqwru| kroglqj +dqg rughulqj, frvwv/ vxemhfw wr wkh frq0
vwudlqw wkdw d wdujhw vhuylfh ohyho kdv wr eh phw1 H{dpsohv ri vxfk vhuylfh ohyhov lqfoxgh
wkh vshflfdwlrq ri wkh suredelolw| ri qr vwrfnrxw lq d uhsohqlvkphqw f|foh ru wkh vshf0
lfdwlrq ri d vshflhg iudfwlrq ri ghpdqg vdwlvhg gluhfwo| iurp vwrfn +wkh vr0fdoohg oo
udwh,1 Uhihuhqfhv lq wklv frqwh{w lqfoxgh Vloyhu +4<:3,/ Vfkqhlghu +4<:;,/ ]lsnlq +4<;9,/
dqg Ddugdo/ Mrqvvrq/ dqg Møqvvrq +4<;<,1
Fxuuhqwo|/ lq wkh olwhudwxuh/ vwloo lq wkh pdmrulw| ri lqyhqwru| sdshuv shqdow| frvwv
lqvwhdg ri vhuylfh ohyho frqvwudlqwv duh dvvxphg1 Wklv vhhpv mxvwlhg e| d jhqhudo eholhi
wkdw wkhuh h{lvw rqh0wr0rqh uhodwlrqvklsv ehwzhhq frvw prghov dqg vhuylfh prghov/ dqg
pruh vshflfdoo|/ ehwzhhq wkh fkrlfh ri wkh shqdow| frvw sdudphwhuv rq rqh kdqg/ dqg
wkh fkrlfh ri fhuwdlq vhuylfh phdvxuhv rq wkh rwkhu kdqg1 Uxohv ri wkxpe iru wkhvh uhod0
wlrqvklsv duh phqwlrqhg e| h1j1 Vfkqhlghu +4<;4,/ Vloyhu/ S|nh/ dqg Shwhuvrq +4<<;,/ dqg
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Mdqvvhq +4<<;,1 Krzhyhu/ suhflvh irupxodwlrqv dqg surriv iru wkhvh rqh0wr0rqh uhodwlrq0
vklsv duh nqrzq rqo| iru d ihz vlpsoh lqyhqwru| v|vwhpv1
Wkh sxusrvh ri wkh fxuuhqw sdshu lv wr irupdoo| ghvfuleh dqg suryh vxfk rqh0wr0rqh
uhodwlrqvklsv iru d ydulhw| ri prghov/ ªqg wr vkrz krz wr h{sorlw wkhp wr ghwhuplqh rswlpdo
lqyhqwru| srolflhv xqghu vhuylfh ohyho frqvwudlqwv iurp wkh vroxwlrqv ri sxuh frvw prghov1
Wkh uhodwlrqvkls ehwzhhq frvw dqg vhuylfh prghov lv edvhg rq d udwkhu zhdn frqglwlrq wkdw
lv vdwlvhg e| d zlgh ydulhw| ri lqyhqwru| prghov +erwk vlqjoh0 dqg pxowl0vwdjh,1 Zh dovr
vkrz wkdw wklv frqglwlrq lv vx!flhqw wr hvwdeolvk d prqrwrqlflw| surshuw|> yl}1/ wkh vhuylfh
ohyho ri wkh rswlpdo srolf| iru wkh frvw prgho lv prqrwrqrxvo| lqfuhdvlqj dv d ixqfwlrq
ri wkh shqdow| frvwv1 Vhyhudo h{dpsohv duh zrunhg rxw wr ghprqvwudwh wkh jhqhudolw| ri
wkh uhvxowv1 Wkh ydolglw| ri wkh uhvxowv iru pxowl0hfkhorq lqyhqwru| v|vwhpv surylghv d
edvlv iru h{whqglqj wkh wkhru| wr d ydulhw| ri vxsso| fkdlq pdqdjhphqw prghov/ zklfk
duh h{wuhpho| lpsruwdqw lq wkh dqdo|vlv ri zruog0zlgh orjlvwlfv +vhh h1j1 Wd|xu/ Jdqhvkdq/
dqg Pdjd}lqh +4<<<,,1
Wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh ghvfuleh erwk d jhqhudo frvw prgho
dqg d jhqhudo vhuylfh prgho1 Qh{w/ lq Vhfwlrq 6/ wkh frqglwlrq lv irupxodwhg wkdw zloo suryh
wr eh vx!flhqw wr doorz wkh xvh ri frvw prghov iru wkh vroxwlrq ri vhuylfh prghov1 Lq Vhfwlrq
7/ zh irupxodwh wkh pdlq uhvxowv ri wklv sdshu1 Iluvw/ zh vkrz wkdw/ xqghu wkh frqglwlrq
ri Vhfwlrq 6/ dq rswlpdo srolf| lq d frvw prgho lv dovr rswlpdo lq d uhodwhg vhuylfh prgho/
zkloh qh{w wkh hduolhu phqwlrqhg prqrwrqlflw| surshuw| lv hvwdeolvkhg zklfk hqdeohv wkh
+qxphulfdo, ghwhuplqdwlrq ri wkh uljkw shqdow| frvw sdudphwhu/ jlyhq d fhuwdlq wdujhw
vhuylfh ohyho lq wkh vhuylfh prgho1 Rqfh wklv shqdow| frvw sdudphwhu kdv ehhq rewdlqhg/ wkh
frvw prgho zlwk wklv sduwlfxodu shqdow| frvw sdudphwhu fdq eh vroyhg/ ohdglqj lpphgldwho|
wr wkh rswlpdo srolf| xqghu wkh vhuylfh phdvxuh shuvshfwlyh1 Wkurxjkrxw Vhfwlrqv 507/
d vlpsoh vlqjoh0vwdjh lqyhqwru| v|vwhp vhuyhv dv dq h{dpsoh wr kljkoljkw wkh uhvxowv1 Lq
Vhfwlrq 8/ d qxpehu ri pruh frpsoh{ h{dpsohv lv glvfxvvhg wr ghprqvwudwh wkh jhqhudolw|
ri wkh uhvxowv1 Zh hqg lq Vhfwlrq 9 zlwk frqfoxvlrqv dqg vxjjhvwlrqv iru ixuwkhu zrun1
5 Frvw dqg vhuylfh prgho
Lq wklv vhfwlrq/ wkh frvw dqg vhuylfh prgho duh ghvfulehg lq dv jhqhudo whupv dv doorzhg
iru wkh pdlq uhvxowv dv suhvhqwhg lq Vhfwlrq 71
Wkh uvw prgho/ wkh frvw prgho/ lv dv iroorzv1 Zh kdyh d jhqhudo vlqjoh0surgxfw lqyhq0
wru| v|vwhp/ frqvlvwlqj ri d qhwzrun ri vwrfnsrlqwv wkdw duh qxpehuhg iurp ? ’ c    c  /
 5 LQ1 Hdfk vwrfnsrlqw rughuv lwhpv dw lwv suhghfhvvru+v, dqg2ru h{whuqdo vxssolhu+v,/
dqg wkhvh lwhpv duulyh diwhu d srvvleo| udqgrp ohdgwlph1 Iru vlpsolflw|/ zh dvvxph wkdw
doo vwrfnsrlqwv duh frqqhfwhg dqg wkdw wkhuh duh qr f|fohv lq wkh qhwzrun +l1h1 wkh qhwzrun
frqvwlwxwhv dq df|folf frqqhfwhg judsk,1
Zh glvwlqjxlvk vr0fdoohg orzhvw0ohyho vwrfnsrlqwv/ zkhuh ghpdqg rffxuv iurp h{whu0
qdo fxvwrphuv rqo|/ dqg wkh uhpdlqlqj vwrfnsrlqwv/ zklfk duh vlpso| fdoohg lqwhuphgldwh
vwrfnsrlqwv1 Dw wkh odwwhu vwrfnsrlqwv ghpdqg rffxuv iurp dw ohdvw rqh rwkhu vwrfnsrlqw
ri wkh qhwzrun1 Vlqfh zh kdyh dvvxphg wkdw wkhuh duh qr f|fohv lq wkh qhwzrun/ wkhuh lv
dw ohdvw rqh orzhvw0ohyho vwrfnsrlqw1
Wlph pd| eh hlwkhu frqwlqxrxv ru glvfuhwh1 Lq wkh frqwlqxrxv0wlph fdvh/ wkh lqyhqwrulhv
duh prqlwruhg frqwlqxrxvo| dqg rughuv fdq eh sodfhg dw hdfk wlph lqvwdqw1 Wklv fdvh lv
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dovr fdoohg wkh frqwlqxrxv0uhylhz fdvh1 Lq wkh glvfuhwh0wlph fdvh/ wlph lv dvvxphg wr eh
glylghg lqwr shulrgv ri xqlw ohqjwk/ dqg lq wklv fdvh wkh lqyhqwrulhv duh prqlwruhg dw wkh
ehjlqqlqjv dqg hqgv ri wkh shulrgv rqo| dqg rughuv fdq eh sodfhg rqo| dw wkh ehjlqqlqj
ri d shulrg1 Wklv fdvh lv dovr fdoohg wkh shulrglf0uhylhz fdvh1 Wkh wlph krul}rq pd| eh
hlwkhu qlwh ru lqqlwh1 Wkh surgxfw pd| eh hlwkhu frqwlqxrxv ru glvfuhwh1 Wkh ghpdqg
surfhvvhv wkdw duh frqvwlwxwhg e| wkh h{whuqdo fxvwrphuv duh ghqhg lq dffrugdqfh zlwk
wkh surshuwlhv ri wlph dqg wkh surgxfw1 Iru h{dpsoh/ li zh kdyh glvfuhwh wlph/ dq lqqlwh
wlph krul}rq dqg d frqwlqxrxv surgxfw/ wkhq iru wkh h{whuqdo ghpdqg surfhvvhv frqwlqxrxv
glvwulexwlrqv duh jlyhq iru wkh wrwdo ghpdqgv shu shulrg1 Ilqdoo|/ iru h{whuqdo ghpdqg
wkdw fdq qrw eh lpphgldwho| vdwlvhg iurp vwrfn/ zh pd| dvvxph hlwkhu wkdw wkh h{fhvv
ghpdqg lv edfnrughuhg/ ru wkdw wkh h{fhvv ghpdqg lv orvw1
Iru wkh lqyhqwru| v|vwhp/ doo nlqgv ri uhvwulfwlrqv pd| krog/ h1j1 uhvwulfwlrqv zlwk
uhvshfw wr fdsdflwlhv dqg fkdqjhv lq surgxfwlrq vshhg1 Dovr vhuylfh ohyho frqvwudlqwv pd|
krog iru rqh ru pruh vwrfnsrlqwv/ dqg wkh fodvv ri lqyhqwru| srolflhv wkdw lv frqvlghuhg
pd| eh uhvwulfwhg1 Doo wkhvh uhvwulfwlrqv ohdg wr d fhuwdlq fodvv ri srolflhv  wkdw frqwdlqv
doo ihdvleoh lqyhqwru| srolflhv1
Ixuwkhu/ doo nlqgv ri frvwv pd| dsso|/ vxfk dv {hg dqg yduldeoh rughulqj frvwv/ lq0
yhqwru| kroglqj frvwv dqg shqdow| frvwv1 Zh dvvxph wkdw shqdow| frvwv dsso| iru dw ohdvw
rqh orzhvw0ohyho vwrfnsrlqw ?f1 Wkh fruuhvsrqglqj shqdow| frvw sdudphwhu lv ghqrwhg e| R
+: f,1 Wklv sdudphwhu pd| h1j1 ghqrwh wkh shqdow| wkdw kdv wr eh sdlg iru hdfk vwrfnrxw
rffxuuhqfh ru iru hdfk h{whuqdo fxvwrphu iru zklfk wkh ghpdqg fdq qrw eh lpphgldwho|
vdwlvhg iurp vwrfn1 Iru hdfk ihdvleoh srolf| Z 5 / wkhuh h{lvw h{shfwhg frvwv }EZ shu
wlph xqlw/ zklfk pd| eh vsolw lqwr shqdow| frvwv }Re?EZ dw vwrfnsrlqw ?f dqg wkh uhpdlq0
lqj frvwv }oe6EZ1 Khuh/ wkh shqdow| frvwv }Re?EZ duh htxdo wr R@Re?EZ/ zkhuh @Re?EZ
ghqrwhv wkh h{shfwhg qxpehu ri wlphv shu wlph xqlw wkdw wkh shqdow| R kdv wr eh sdlg1
Vr/
}EZ ’ }Re?EZ n }oe6EZ ’ R@Re?EZ n }oe6EZ c Z 5  +4,
Qrwlfh wkdw rqo| wkh shqdow| frvwv dw vwrfnsrlqw ?f duh glvwlqjxlvkhg iurp doo rwkhu
frvwv1 Wkhuh pd| eh shqdow| frvwv dw rwkhu vwrfnsrlqwv dv zhoo/ exw wkh| idoo xqghu wkh
uhpdlqlqj frvwv1
Wkh remhfwlyh iru wkh frvw prgho lv wr plqlpl}h wkh h{shfwhg frvwv }EZ1 Dqg/ iru wklv
prgho/ d srolf| ZW lv rswlpdo li dqg rqo| li
}EZW  }EZ iru doo Z 5  +5,
Wklv frpsohwhv wkh ghvfulswlrq ri wkh frvw prgho1 Wklv prgho lv ghqrwhg e| SJr|ER/
zkhuh wkh R h{solflwo| uhihuv wr wkh shqdow| frvw sdudphwhu dw vwrfnsrlqw ?f1
Wkh vhfrqg prgho/ wkh vhuylfh prgho/ lv doprvw lghqwlfdo wr wkh frvw prgho1 Wkh
rqo| glhuhqfh lv wkdw dw vwrfnsrlqw ?f d vhuylfh ohyho frqvwudlqw lv lqwurgxfhg lqvwhdg ri
wkh shqdow| frvwv1 Wkh vhuylfh ohyho phdvxuh lv ghqrwhg e|  dqg lw pd| uhsuhvhqw dq|
vhqvleoh phdvxuh1 Wkh vhuylfh ohyho phdvxuh wkdw lv uhdol}hg e| d srolf| Z dw vwrfnsrlqw
?f lv ghqrwhg e| EZ1 Zh dvvxph wkdw wkh vhuylfh ohyho phdvxuh lv ghqhg vxfk wkdw
wkh kljkhu wkh ydoxh iru  EZ wkh ehwwhu wkh vhuylfh dw vwrfnsrlqw ?f1 Zh uhtxluh wkdw dw
vwrfnsrlqw ?f wkh vhuylfh ohyho lv dw ohdvw htxdo wr  f1
Iru wkh vdnh ri fodulw|/ rwkhu vhuylfh ohyho frqvwudlqwv pd| eh ydolg dv zhoo/ exw wkh|
kdyh ehhq lqfxuuhg deryh zkhq zh ghqhg wkh fodvv  ri doo ihdvleoh lqyhqwru| srolflhv1
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Iru wkh vhuylfh prgho/ zh kdyh wkh vdph fodvv ri ihdvleoh srolflhv dv iru wkh frvw prgho/
h{fhsw wkdw iru d srolf| Z lw lv uhtxluhg wkdw  EZ   f1 Vr/ d srolf| lv ihdvleoh li dqg rqo|
li Z 5  dqg EZ   f1 Ixuwkhu/ iru hdfk srolf| Z 5 / zh kdyh wkh vdph frvwv dv iru wkh
frvw prgho h{fhsw wkdw wkh shqdow| frvwv duh qrw lqfxuuhg1 Vr/ iru wkh vhuylfh prgho/ wkh
h{shfwhg frvwv ri d ihdvleoh srolf| Z duh jlyhq e| }oe6EZ1
Wkh remhfwlyh iru wkh vhuylfh prgho lv wr plqlpl}h wkh h{shfwhg frvwv }oe6EZ zlwklq
wkh fodvv ri srolflhv Z 5  zlwk  EZ   f1 Iru wklv prgho/ d srolf| ZW lv rswlpdo li dqg
rqo| li
}oe6EZ
W  }oe6EZ iru doo Z 5  zlwk EZ   f +6,
Wklv frpsohwhv wkh ghvfulswlrq ri wkh vhuylfh prgho1 Wklv prgho lv ghqrwhg e|
reoE f/ zkhuh wkh  f h{solflwo| uhihuv wr wkh plqlpxp vhuylfh ohyho wkdw lv uhtxluhg
dw vwrfnsrlqw ?f1
H{dpsoh 4= D vlqjoh0vwdjh shulrglf0uhylhz lqyhqwru| v|vwhp
Frqvlghu d vlqjoh vwrfnsrlqw/ zklfk vwrfnv d vlqjoh frqwlqxrxv surgxfw wr phhw ghpdqg
ri rqh vwuhdp ri h{whuqdo fxvwrphuv dqg zklfk rughuv wkh surgxfw dw dq h{whuqdo vxssolhu1
Wlph lv glylghg lqwr shulrgv ri xqlw ohqjwk dqg kdv dq lqqlwh krul}rq1 Wkh shulrgv duh
qxpehuhg e| | ’ fc c  Dw wkh ehjlqqlqj ri hdfk shulrg/ dq rughu fdq eh sodfhg dw wkh
h{whuqdo vxssolhu djdlqvw }hur frvwv1 Wkh fruuhvsrqglqj ohdgwlph lv jlyhq e| , 5 LQf1
L1h1/ dq rughu wkdw kdv ehhq sodfhg dw wkh ehjlqqlqj ri shulrg | duulyhv dw wkh ehjlqqlqj
ri shulrg | n , dw wkh vwrfnsrlqw1 H{whuqdo fxvwrphuv duulyh gxulqj d shulrg1 Lq hdfk
shulrg/ wrwdo ghpdqg lv glvwulexwhg dffruglqj wr d frqwlqxrxv glvwulexwlrq ixqfwlrq 8 rq
dfc41 Ghpdqgv lq glhuhqw shulrgv duh dvvxphg wr eh pxwxdoo| lqghshqghqw1 Ixuwkhu/
zh dvvxph wkdw 8 Ef ’ f/ l1h1 8 kdv qr srvlwlyh suredelolw| pdvv lq }hur1 Ilqdoo|/ ghpdqg
wkdw fdq qrw eh lpphgldwho| vdwlvhg iurp vwrfn/ lv dvvxphg wr eh edfnrughuhg1
Lq wkh frvw prghoSJr|ER iru wklv lqyhqwru| v|vwhp/ zh glvwlqjxlvk wzr w|shv ri frvwv/
yl}1 lqyhqwru| kroglqj frvwv  +: f, shu xqlw wkdw lv vwloo lq vwrfn dw wkh hqg ri d shulrg
dqg shqdow| frvwv R +: f, iru hdfk xqlw ri edfnrughuhg ghpdqg dw wkh hqg ri d shulrg1
Iru wklv prgho/ dq rswlpdo srolf| lv hdvlo| ghulyhg dv zh vkdoo vkrz odwhu rq1
Lq wkh vhuylfh prgho reoE f/ zh kdyh wkh vdph lqyhqwru| kroglqj frvwv dv lq wkh
frvw prgho/ exw/ lqvwhdg ri frxqwlqj shqdow| frvwv/ zh uhtxluh wkdw d plqlpxp vhuylfh
ohyho  f lv uhdol}hg1 Vlqfh zh zdqw wkh vhuylfh prgho wr eh vxfk wkdw lw lv uhodwhg wr wkh
frvw prgho/ wkh vhuylfh phdvxuh lv rqo| vshflhg lq wkh qh{w vhfwlrq/ diwhu wkh ghvfulswlrq
ri wkh frqglwlrq xqghu zklfk d frvw dqg vhuylfh prgho duh uhodwhg lq jhqhudo1 
6 Frqglwlrq xqghu zklfk uhodwhgprghov duh rewdlqhg
Lq wklv vhfwlrq/ zh suhvhqw wkh suhflvh frqglwlrq xqghu zklfk wkh frvw prgho SJr|ER dqg
wkh vhuylfh prgho reoE f duh uhodwhg/ l1h1 xqghu zklfk wkh pdlq uhvxowv ri Vhfwlrq 7
krog1 Zh uvw suhvhqw wkh frqglwlrq/ dqg diwhu wkdw zh jlyh h{dpsohv iru ghqlwlrqv ri
shqdow| frvwv dqg vhuylfh phdvxuhv iru zklfk wkh frqglwlrq lv vdwlvhg1
Wkh frqglwlrq uhdgv dv iroorzv1
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Frqglwlrq 41 Wkhuh h{lvwv d frqvwdqw g : f vxfk wkdw
@Re?EZ ’ gE  EZ iru doo Z 5 c +7,
ru/ htxlydohqwo|/
 EZ ’  @Re?EZ
g
iru doo Z 5  +8,
Xqghu wklv frqglwlrq/ wkh frvw prgho SJr|ER frqvwlwxwhv d +nlqg ri, Odjudqjh uhod{dwlrq
ri wkh vhuylfh prgho reoE f1 +Wkh frvw prgho zrxog eh d vwudljkwiruzdug Odjudqjh
uhod{dwlrq ri wkh vhuylfh prgho/ li @Re?EZ zrxog eh htxdo wr  f   EZ iru doo Z 5 1,
Reylrxvo|/ uhodwhg prghov fdq eh rewdlqhg iru pdq| frpelqdwlrqv ri ghqlwlrqv iru
wkh shqdow| frvwv dqg wkh vhuylfh phdvxuh1 Lq idfw/ iru d jlyhq frvw prgho d uhodwhg
vhuylfh prgho lv rewdlqhg e| xvlqj +8, dv wkh ghqlwlrq iru wkh vhuylfh phdvxuh/ dqg iru
d jlyhq vhuylfh prgho d uhodwhg frvw prgho lv rewdlqhg e| xvlqj +7, lq wkh ghqlwlrq iru
wkh shqdow| frvwv1 Ehorz zh olvw frpelqdwlrqv ri zhoo0nqrzq w|shv ri shqdow| frvwv dqg
vhuylfh phdvxuhv wkdw ohdg wr uhodwhg prghov1
Ghqlwlrqv ri shqdow| frvwv dqg vhuylfh phdvxuhv xvxdoo| ghshqg rq zkhwkhu wkhuh lv
shulrglf uhylhz ru frqwlqxrxv uhylhz dqg rq zkhwkhu ghpdqg wkdw lv qrw lpphgldwho|
vdwlvhg iurp vwrfn lv edfnrughuhg ru orvw1 Wklv ohdgv wr wkh iroorzlqj irxu fdvhv=
+l, Vwrfnsrlqw ?f kdv shulrglf uhylhz dqg h{fhvv ghpdqg lv edfnrughuhg>
+ll, Vwrfnsrlqw ?f kdv shulrglf uhylhz dqg h{fhvv ghpdqg lv orvw>
+lll, Vwrfnsrlqw ?f kdv frqwlqxrxv uhylhz dqg h{fhvv ghpdqg lv edfnrughuhg>
+ly, Vwrfnsrlqw ?f kdv frqwlqxrxv uhylhz dqg h{fhvv ghpdqg lv orvw1
Iru fdvh +l,/ zh glvwlqjxlvk wkuhh vwdqgdug w|shv iru wkh shqdow| frvwv1 Iluvw/ d shqdow|
R pd| krog iru hdfk uhylhz shulrg lq zklfk d vwrfnrxw rffxuv/ l1h1 iru hdfk uhylhz shulrg
zlwk d srvlwlyh edfnorj dw wkh hqg ri wkh shulrg1 Wkhq/ iru hdfk ihdvleoh srolf| Z/ @Re?EZ
ghqrwhv wkh suredelolw| wkdw wkhuh lv d edfnorj dw wkh hqg ri dq duelwudu| uhylhz shulrg1
Khqfh/ dffruglqj wr +8, +zlwk g ’ ,/ d uhodwhg vhuylfh prgho lv rewdlqhg li iru wkh
vhuylfh phdvxuh  wkh vr0fdoohg k0vhuylfh ohyho +zklfk lv dovr nqrzq dv wkh W|sh04 vhuylfh
ohyho, lv wdnhq1 Lq wklv fdvh/ wkh k0vhuylfh ohyho ghqrwhv wkh iudfwlrq ri uhylhz shulrgv
zlwkrxw d vwrfnrxw1 Vhfrqg/ rqh pd| kdyh wr sd| d shqdow| shu xqlw ri ghpdqg wkdw lv
qrw lpphgldwho| vdwlvhg iurp vwrfn1 Wkhq/ dffruglqj wr +8, +zlwk g htxdo wr wkh phdq
ghpdqg shu shulrg,/ d uhodwhg vhuylfh prgho lv rewdlqhg li wkh q0vhuylfh ohyho +zklfk lv
dovr nqrzq dv wkh W|sh05 vhuylfh ohyho , lv wdnhq iru wkh vhuylfh phdvxuh  1 Khuh/ wkh
q0vhuylfh ohyho ghqrwhv wkh iudfwlrq ri ghpdqg wkdw lv lpphgldwho| vdwlvhg iurp vwrfn1
Wklv phdvxuh lv dovr nqrzq dv wkh oo udwh1 Wklug/ rqh pd| kdyh wr sd| d shqdow| R
shu xqlw ri edfnorj dw wkh hqg ri hdfk shulrg1 Wkh glhuhqfh zlwk wkh vhfrqg rswlrq lv
wkdw khuh d edfnrughuhg ghpdqg lv shqdol}hg wzlfh ru pruh +lqvwhdg ri rqo| rqfh, li lw lv
vdwlvhg diwhu wzr ru pruh shulrgv1 Vr/ wkh wlph qhhghg wr vdwlvi| ghpdqg lv dovr wdnhq
lqwr dffrxqw1 Iru wklv rswlrq/ d uhodwhg vhuylfh prgho lv rewdlqhg li wkh 0vhuylfh ohyho lv
wdnhq iru wkh vhuylfh phdvxuh  1 Wklv vhuylfh ohyho lv ghqhg dv 4 plqxv wkh udwlr ri wkh
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Vwrfnsrlqw qf Shqdow| frvwv Vhuylfh ohyho Frqvwdqw N
Shulrglf uhylhz Shu shulrg zlwk d edfnorj 0vhuylfh ohyho N @ 4
dqg h{fhvv ghpdqg Shu xqlw ri ghpdqg wkdw lv qrw 0vhuylfh ohyho N @ phdq ghpdqg
lv edfnrughuhg lpphgldwho| vdwlvhg iurp vwrfn shu shulrg
Shu edfnrughuhg xqlw dw wkh 0vhuylfh ohyho N @ phdq ghpdqg
hqg ri hdfk shulrg shu shulrg
Shulrglf uhylhz Shu shulrg zlwk d orvw vdoh 0vhuylfh ohyho N @ 4
dqg h{fhvv ghpdqg Shu xqlw ri orvw ghpdqg 0vhuylfh ohyho N @ phdq ghpdqg
lv orvw shu shulrg
Frqwlqxrxv uhylhz s wlphv wkh iudfwlrq ri wlph 0vhuylfh ohyho N @ 4
dqg h{fhvv ghpdqg wkdw wkhuh lv d edfnorj
lv edfnrughuhg Shu xqlw ri ghpdqg wkdw lv qrw 0vhuylfh ohyho N @ phdq ghpdqg
lpphgldwho| vdwlvhg iurp vwrfn shu wlph xqlw
s wlphv wkh dyhudjh edfnorj 0vhuylfh ohyho N @ phdq ghpdqg
dw dq duelwudu| wlph lqvwdqw shu wlph xqlw
Frqwlqxrxv uhylhz s wlphv wkh iudfwlrq ri wlph 0vhuylfh ohyho N @ 4
dqg h{fhvv ghpdqg wkdw wkhuh lv d vwrfnrxw
lv orvw Shu xqlw ri orvw ghpdqg 0vhuylfh ohyho N @ phdq ghpdqg
shu wlph xqlw
Wdeoh 4= Frpelqdwlrqv ri ghqlwlrqv iru wkh shqdow| frvwv lq wkh frvw prgho dqg wkh vhuylfh
phdvxuh lq wkh vhuylfh prgho xqghu zklfk Frqglwlrq 4 lv vdwlvhg1
dyhudjh edfnorj dw wkh hqg ri d shulrg dqg wkh phdq ghpdqg shu shulrg1 Wklv phdvxuh
lv dovr nqrzq dv wkh prglhg oo udwh1 Qrwlfh wkdw iru wkh 0vhuylfh ohyho qhjdwlyh ydoxhv
pd| eh rewdlqhg1
Lq fdvh +ll,/ lq sulqflsoh zh kdyh wkh vdph vwdqgdug frpelqdwlrqv iru wkh ghqlwlrqv
ri wkh shqdow| frvwv dqg vhuylfh ohyhov dv lq fdvh +l,1 Krzhyhu/ ehfdxvh ri wkh orvw vdohv/
lq wklv fdvh wkh wklug w|sh ri shqdow| frvwv dqg wkh 0vhuylfh ohyho uhgxfh wr wkh vhfrqg
w|sh ri shqdow| frvwv dqg wkh q0vhuylfh ohyho1 Wkdw phdqv wkdw wkh uvw wzr frpelqdwlrqv
duh ohiw1 Wkh ghqlwlrqv iru wkh shqdow| frvwv dqg vhuylfh ohyhov duh wkh vdph/ h{fhsw wkdw
wkh| duh irupxodwhg lq whupv ri orvw vdohv lqvwhdg ri edfnrughuhg ghpdqg1
Lq wkh fdvhv +lll, dqg +ly,/ zh kdyh frqwlqxrxv uhylhz lqvwhdg ri shulrglf uhylhz1 Wkh
frqwlqxrxv uhylhz fdvh pd| eh frqvlghuhg dv wkh olplwlqj fdvh ri shulrglf uhylhz zkhq wkh
ohqjwk ri wkh shulrgv jrhv wr }hur1 E| ghqlqj shqdow| frvwv dqg vhuylfh ohyhov dffruglqj wr
wklv olplwlqj surfhvv/ zh rewdlq frpelqdwlrqv wkdw vdwlvi| Frqglwlrq 4 iru wkh frqwlqxrxv
uhylhz fdvh1 Lq fdvh +lll,/ zh wkxv rewdlq wkuhh frpelqdwlrqv wkdw vdwlvi| Frqglwlrq 41 Wkh
uvw frpelqdwlrq frqvlvwv ri shqdow| frvwv htxdo wr wkh shqdow| frvwv sdudphwhu R wlphv
wkh iudfwlrq ri wlph wkdw wkhuh lv d edfnorj +wkh odwwhu txdqwlw| frqvwlwxwhv wkh ghqlwlrq
ri @Re?EZ, dqg wkh k0vhuylfh ohyho/ zklfk ghqrwhv wkh iudfwlrq ri wlph wkdw wkhuh lv qr
edfnorj1 Iru wkh vhfrqg frpelqdwlrq/ wkh ghqlwlrqv duh frpsohwho| wkh vdph dv iru fdvh
+l,1 Iru wkh wklug frpelqdwlrq/ wkh shqdow| frvwv duh htxdo wr wkh surgxfw ri R dqg @Re?EZ/
zklfk lv ghqhg dv wkh dyhudjh edfnorj dw dq duelwudu| wlph lqvwdqw/ dqg wkh 0vhuylfh
ohyho lv ghqhg fi1 +8,/ zlwk g htxdo wr wkh ghpdqg shu wlph xqlw1 Iru fdvh +ly,/ zh kdyh
wzr frpelqdwlrqv zklfk duh wkh vdph dv wkh uvw wzr frpelqdwlrqv iru fdvh +lll,1
Dq ryhuylhz ri doo frpelqdwlrqv wkdw vdwlvi| Frqglwlrq 4 lv jlyhq lq Wdeoh 41
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H{dpsoh 4= D vlqjoh0vwdjh shulrglf0uhylhz lqyhqwru| v|vwhp +frqwlqxhg,
Iru wklv lqyhqwru| v|vwhp zh kdyh shulrglf uhylhz dqg h{fhvv ghpdqg lv edfnrughuhg1
Ixuwkhu/ lq wkh frvw prgho/ shqdow| frvwv R kdyh wr eh sdlg iru hdfk xqlw ri edfnrughuhg
ghpdqg dw wkh hqg ri d shulrg1 Khqfh/ lq rughu wr rewdlq d uhodwhg vhuylfh prgho/ lq wkh
vhuylfh prgho wkh 0vhuylfh ohyho lv wdnhq iru wkh vhuylfh phdvxuh  +fi1 wkh wklug frpel0
qdwlrq olvwhg lq Wdeoh 4,1 Uhfdoo wkdw lq wklv fdvh/ zlwk shulrglf uhylhz dqg edfnrughulqj/
wkh 0vhuylfh ohyho lv ghqhg dv 4 plqxv wkh udwlr ri wkh dyhudjh edfnorj dw wkh hqg ri d
shulrg dqg wkh phdq ghpdqg shu shulrg1 Zh uhtxluh wkdw dw ohdvw d ohyho f lv phw/ zklfk
phdqv wkdw wkh dyhudjh edfnorj dw wkh hqg ri d shulrg pd| qrw h{fhhg   f wlphv wkh
phdq ghpdqg shu shulrg1 
7 Pdlq uhvxowv= Htxlydohqfh dqg prqrwrqlflw|
Wklv vhfwlrq vwduwv zlwk wkh irupxodwlrq ri wkh Pdlq Wkhruhp1 Wklv wkhruhp vwdwhv wkdw
li Frqglwlrq 4 lv vdwlvhg/ wkhq dq rswlpdo srolf| ZW iru wkh frvw prgho SJr|ER zlwk d
jlyhq ydoxh iru R lv dovr rswlpdo iru wkh vhuylfh prgho reoE f/ dw ohdvw iru d fhuwdlq
ydoxh ri wkh wdujhw vhuylfh ohyho  f1 Krzhyhu/ zh zrxog olnh wr vroyh wkh vhuylfh prgho iru
d jlyhq ydoxh ri wkh wdujhw vhuylfh ohyho  f1 Khqfh/ lq wklv vhfwlrq/ zh dovr vkrz krz wkh
Pdlq Wkhruhp fdq eh h{sorlwhg iru wklv sxusrvh1
Wkhruhp 4 +Pdlq Wkhruhp,1 Li
+l, Frqglwlrq 4 lv vdwlvhg>
+ll, ZW lv dq rswlpdo srolf| iru wkh frvw prgho SJr|ER>
+lll,  EZW ’  f/
wkhq ZW lv dovr dq rswlpdo srolf| iru wkh vhuylfh prgho reoE f1
Surri1 Vxssrvh wkdw wkh frqglwlrqv +l,0+lll, duh vdwlvhg1 Zh kdyh wr vkrz wkdw }oe6EZW 
}oe6EZ iru doo Z 5  zlwk  EZ   f +fi1 +6,,1 Ohw Z 5  zlwk EZ   f1 Wkhq/ e| +l,
dqg +lll,/
@Re?EZ ’ gE  EZ  gE  f ’ gE EZW ’ @Re?EZWc
dqg/ e| wkh frpelqdwlrq ri wklv uhvxow dqg +ll,/ zh qg
}oe6EZ ’ }EZ R@Re?EZ  }EZW R@Re?EZW ’ }oe6EZW 
+T1H1G1,
+Wkh Pdlq Wkhruhp jhqhudol}hv Wkhruhp 915 ri Ydq Krxwxp dqg ]lmp +4<<4, iru
wkh pxowl0vwdjh lqyhqwru| v|vwhp dv vwxglhg e| Fodun dqg Vfdui +4<93,> wklv wkhruhp zdv
suryhg dorqj wkh vdph olqhv lq Ydq Krxwxp +4<<3,1 Wkh Pdlq Wkhruhp dqg lwv surri
zhuh suhvhqwhg ehiruh/ lq wkh vdph irup/ lq Ydq Krxwxp dqg ]lmp +4<<:e,1,
Zh zrxog olnh wr h{sorlw wkh Pdlq Wkhruhp iru vroylqj wkh vhuylfh prgho reoE f
zlwk d jlyhq wdujhw vhuylfh ohyho  f1 Wkh zd| lq zklfk wkh vhuylfh prgho lv vroyhg ghshqgv
rq wkh irup lq zklfk wkh vroxwlrq iru wkh frvw prgho lv rewdlqhg1 Zh glvwlqjxlvk wkh
iroorzlqj wzr fdvhv=
:
+l, Rqh rewdlqv forvhg0irup irupxodh iru erwk wkh rswlpdo srolf| ri wkh frvw prgho dqg
wkh fruuhvsrqglqj wdujhw vhuylfh ohyho>
+ll, Wkh rswlpdo srolf| iru wkh frvw prgho dqg wkh fruuhvsrqglqj vhuylfh ohyho duh re0
wdlqhg qxphulfdoo|1
Lq wkh uvw fdvh/ lw pd| eh srvvleoh wr rewdlq forvhg0irup irupxodh iru wkh vroxwlrq ri
wkh vhuylfh prgho dv zhoo1 Wkh vhfrqg fdvh dssolhv wr pruh frpsoh{ lqyhqwru| v|vwhpv/
dqg pd| doorz d qxphulfdo vroxwlrq iru wkh vhuylfh prgho1
H{dpsoh 4= D vlqjoh0vwdjh shulrglf0uhylhz lqyhqwru| v|vwhp +frqwlqxhg,
Iru wklv v|vwhp/ Frqglwlrq 4 lv vdwlvhg1 Ixuwkhu/ iru wkh frvw prgho SJr|ER/ dq rswlpdo
srolf| dqg lwv fruuhvsrqglqj 0vhuylfh ohyho fdq eh ghwhuplqhg dv iroorzv1
Zh uvw frqvlghu wkh h{shfwhg frvwv dw wkh hqg ri rqh shulrg1 Ohw + +5 LU, ghqrwh wkh
ohyho ri wkh lqyhqwru| srvlwlrq dw wkh ehjlqqlqj ri d shulrg |/ mxvw diwhu wkh prphqw dw
zklfk d srvvleoh rughu zdv sodfhg1 Wkhq lw lv hdvlo| yhulhg wkdw wkh h{shfwhg frvwv dw
wkh hqg ri shulrg | n , duh htxdo wr
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E +g8,nE li +  f>
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f
E +g8,nE li + 	 f/ +9,
zkhuh 8,n ghqrwhv wkh E,n0irog frqyroxwlrq ri 8 dqg wkxv frqvwlwxwhv wkh glvwulexwlrq
ri wkh wrwdo ghpdqg ryhu , n  frqvhfxwlyh shulrgv1 Wkh ixqfwlrq (E+ dsshduv wr eh
frqyh{ zlwk d plqlpxp dw + ’ 7/ zkhuh 7 lv vxfk wkdw
8,nE7 ’
R
R n 
 +:,
Qrwlfh wkdw 7 lv xqltxho| ghwhuplqhg e| wklv Qhzver|0w|sh fkdudfwhul}dwlrq li 8 lv vwulfwo|
lqfuhdvlqj rq dfc4 +li 8 lv qrw vwulfwo| lqfuhdvlqj wkhq iru vrph frpelqdwlrqv ri  dqg R
wkh htxdwlrq lv vdwlvhg e| d zkroh lqwhuydo ri ydoxhv iru 7,1 Reylrxvo|/ li dw wkh ehjlqqlqj
ri hdfk shulrg dq rughu lv sodfhg vxfk wkdw wkh lqyhqwru| srvlwlrq lv lqfuhdvhg wr 7/ wkhq
lq hdfk shulrg wkh h{shfwhg frvwv duh htxdo wr wkh plqlpxp ydoxh (E71 Vr/ wklv srolf|/
zklfk lv vlpso| ghqrwhg e| lwv rughu0xs0wr ohyho 7 +vr/ ZW ’ 7,/ lv rswlpdo1 Wklv srolf| lv
fdoohg d edvhvwrfn srolf| dqg lwv h{shfwhg frvwv shu shulrg duh htxdo wr }E7 ’ (E71
Qrwlfh wkdw wkh fkdudfwhul}dwlrq lq +:, vkrzv wkdw wkh rughu0xs0wr ohyho dw wkh ehjlqqlqj
ri shulrg | vkrxog eh fkrvhq vxfk wkdw wkh suredelolw| wkdw qr vwrfnrxw rffxuv dw wkh hqg
ri shulrg | n , lv suhflvho| htxdo wr R*ER n 1 Wklv fruuhvsrqgv wr wkh k0vhuylfh ohyho/
l1h1 wkh rswlpdo rughu0xs0wr ohyho 7 iru wkh frvw prgho SJr|ER dsshduv wr eh vxfk wkdw
lwv k0vhuylfh ohyho lv htxdo wr R*ERn 1
Wkh frvw prgho SJr|ER/ krzhyhu/ lv qrw uhodwhg wr dq k0vhuylfh prgho exw wr wkh
0vhuylfh prghoreoEf1 Iru wkh rswlpdo edvhvwrfn srolf| 7/ wkh 0vhuylfh ohyho lv htxdo
wr +qrwlfh wkdw 7 : f,
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g8 E ghqrwhv wkh phdq ghpdqg shu shulrg1
;
E| Wkhruhp 4/ zh nqrz wkdw wkh rswlpdo edvhvwrfn srolf| 7 iru wkh frvw prgho
SJr|ER lv dovr rswlpdo iru wkh vhuylfh prgho reoEf zlwk f ’ E71 Krzhyhu/ zh
zdqw wr nqrz krz wkh vhuylfh prgho reoEf zlwk d jlyhq wdujhw 0vhuylfh ohyho f fdq
eh vroyhg1 Khuh/ zh glvwlqjxlvk wzr fdvhv= wkh jhqhudo fdvh dqg wkh vshfldo fdvh zlwk
ohdgwlph , ’ f dqg h{srqhqwldoo| glvwulexwhg ghpdqg shu shulrg1
Lq jhqhudo/ wkh vroxwlrq iru wkh frvw prgho fdq rqo| eh ghwhuplqhg qxphulfdoo|1 Wkhq
wkh rswlpdo edvhvwrfn ohyho 7 lv rewdlqhg e| vroylqj +:, e| d elvhfwlrq surfhgxuh1 Dovr
wkh fruuhvsrqglqj vhuylfh ohyho E7 lv wkhq rewdlqhg qxphulfdoo|1 Qrz/ vxssrvh wkdw wkh
ghpdqg glvwulexwlrq 8 lv d vwulfwo| lqfuhdvlqj ixqfwlrq rq dfc41 Wkhq lw lv hdvlo| vkrzq
wkdw erwk wkh rswlpdo edvhvwrfn ohyho 7 dqg wkh fruuhvsrqglqj 0vhuylfh ohyho E7 duh
frqwlqxrxv dqg vwulfwo| lqfuhdvlqj dv d ixqfwlrq ri R1 Ixuwkhu/ 7 $ 4 dqg E7 %  dv
R$4 dqg 7 & f dqg E7 & , li R & f1 Vr/ wkh ydoxh iru R iru zklfk wkh fruuhvsrqglqj
rswlpdo edvhvwrfn srolf| 7 kdv d 0vhuylfh ohyho E7 ’ f fdq eh ghwhuplqhg e| d
elvhfwlrq surfhgxuh iru doo f zlwk , 	 f 	  +qrwlfh wkdw rqh xvxdoo| lv rqo| lqwhuhvwhg
lq ydoxhv ri f wkdw duh  fH/ vd|,1 Rqfh wklv R lv nqrzq/ e| vroylqj wkh frvw prgho rqfh
djdlq/ rqh rewdlqv wkh rswlpdo srolf| iru wkh vhuylfh prgho reoEf1
Ohw xv qrz frqvlghu wkh vshfldo fdvh zlwk ohdgwlph , ’ f dqg h{srqhqwldoo| glvwulexwhg
ghpdqg shu shulrg/ l1h1 8 E% ’  e3b%/ %  f/ zlwk b ’ *>1 Wkhq/ e| +:, dqg +;,/ wkh
iroorzlqj forvhg0irup irupxodh duh rewdlqhg iru 7 dqg E7=
7 ’ > oq
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Rn 

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Vr/ lq wklv fdvh wkh 0vhuylfh ohyho ri wkh rswlpdo edvhvwrfn srolf| 7 lv dovr htxdo wr R*ERn
+l1h1 mxvw olnh wkh k0vhuylfh ohyho/ dv revhuyhg deryh,1 Iurp wkhvh h{suhvvlrqv/ zh qg wkdw
wkh rswlpdo edvhvwrfn srolf| 7 iru wkh frvw prgho SJr|ER lv dovr rswlpdo iru wkh vhuylfh
prgho reoEf zlwk f ’ R*ER n 1 Khqfh/ li f lv jlyhq/ wkhq wkh rswlpdo srolf| iru
reoEf lv rewdlqhg e| fkrrvlqj R vxfk wkdw f ’ R*ERn/ l1h1 R ’ *Ef1 Dsso|lqj
+<, wkhq vkrzv wkdw dq rswlpdo srolf| irureoEf lv frqvwlwxwhg e| wkh edvhvwrfn srolf|
7 zlwk 7 ’ > oqE*E f1 
AIurp wkh h{dpsoh/ zh ohduq wkdw li wkh frvw prgho fdq eh vroyhg rqo| qxphulfdoo|/
wkhq d elvhfwlrq surfhgxuh pd| eh dssursuldwh wr ghwhuplqh wkh shqdow| frvw sdudphwhu
R vxfk wkdw wkh fruuhvsrqglqj rswlpdo srolf| ZW iru SJr|ER kdv d vhuylfh ohyho  EZW
wkdw lv suhflvho| htxdo wr wkh wdujhw vhuylfh ohyho  f ri wkh vhuylfh prgho reoE f1 Wkh
elvhfwlrq surfhgxuh lv dssursuldwh li wkh vhuylfh ohyho EZW lv frqwlqxrxv dqg lqfuhdvlqj dv
d ixqfwlrq ri R1 Wkh lqfuhdvlqj ehkdylru ri EZW fdq eh suryhg lq wkh vdph jhqhudo whupv
dv xvhg iru Wkhruhp 4/ li Frqglwlrq 4 lv vdwlvhg> vhh Wkhruhp 5 +zklfk jhqhudol}hv wkh
uhvxowv vwdwhg lq Ohppd 514415 ri Ydq Krxwxp +4<<3, iru wkh pxowl0vwdjh lqyhqwru| v|vwhp
dv vwxglhg e| Fodun dqg Vfdui +4<93,,1 Zkhwkhu EZW lv dovr frqwlqxrxv dv d ixqfwlrq ri
R ghshqgv rq pruh ghwdlov/ dqg khqfh wkdw fdq eh ehwwhu hvwdeolvkhg shu h{dpsoh v|vwhp1
<
Wkhruhp 51 Li
+l, Frqglwlrq 4 lv vdwlvhg>
+ll, ZWER lv dq rswlpdo srolf| iru wkh frvw prgho SJr|ER iru hdfk R : f/
wkhq EZWER lv lqfuhdvlqj dv d ixqfwlrq ri R : f1
Surri1 Dvvxph wkdw Frqglwlrq 4 lv vdwlvhg +l1h1 wkhuh lv d srvlwlyh frqvwdqw g vxfk wkdw
wkh htxdwlrqv +7, dqg +8, krog,/ dqg ohw R dqg R2 eh wzr glhuhqw shqdow| frvw sdudphwhuv
zlwk R2 : R : f1 Lw vx!fhv wr suryh wkdw  EZW2 :  EZ
W
/ zkhuh Z
W
 lv dq duelwudu| rswlpdo
srolf| iru wkh frvw prgho SJr|ER/  ’ c 21
Ohw }EZ ghqrwh wkh h{shfwhg frvwv shu wlph xqlw iru wkh frvw prghoSJr|ER/  ’ c 21
Lw lv hdvlo| vhhq wkdw +fi1 +4,,
}EZ ’ R@Re?EZ n }oe6EZ c Z 5 c  ’ c 2
Ehfdxvh ZW lv rswlpdo iru SJr|ER/  ’ c 2/ lw krogv wkdw
}EZ
W
  }EZW2 dqg }2EZW2  }2EZW 
Wkhvh lqhtxdolwlhv pd| eh uhzulwwhq dv
Rd@Re?EZ
W
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o  f c
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2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 }oe6EZWo  f 
Qh{w/ dgglqj wkhvh wzr lqhtxdolwlhv vkrzv wkdw
ER2  Rd@Re?EZW2 @Re?EZWo  f 
Wkxv/ @Re?EZW2  @Re?EZW/ dqg e| +8,/ zh qg wkdw
 EZW2 ’ 
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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 
+T1H1G1,
Xqwlo qrz/ zh kdyh irfxvhg rq krz wkh vhuylfh prghoreoE f zlwk d jlyhq wdujhw vhu0
ylfh prgho  f fdq eh vroyhg1 Krzhyhu/ wkh Pdlq Wkhruhp pd| dovr eh xvhixo wr hvwdeolvk
zkhwkhu d fhuwdlq w|sh +ru vxefodvv, ri srolflhv lv rswlpdo iru wkh vhuylfh prgho1 Wkdw dovr
pd| idflolwdwh wkh dqdo|vlv ri d vhuylfh prgho1 Iru wkdw sxusrvh/ wkh iroorzlqj fruroodu|
lv irupxodwhg/ zklfk iroorzv gluhfwo| iurp wkh Pdlq Wkhruhp +lwv surri lv vwudljkwiruzdug
dqg khqfh kdv ehhq rplwwhg,1
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Fruroodu| 41 Li
+l, Frqglwlrq 4 lv vdwlvhg>
+ll, wkh vxefodvv ri srolflhv    lv rswlpdo iru wkh frvw prgho SJr|ER iru hdfk R : f>
+lll, iru hdfk R : f wkhuh h{lvwv d frvw rswlpdo srolf| ZWER 5  vxfk wkdw EZWER lv d
frqwlqxrxv dqg lqfuhdvlqj ixqfwlrq ri R/
wkhq wkh vxefodvv ri srolflhv  lv dovr rswlpdo iru wkh vhuylfh prgho reoE f/ zlwk
4?f 	  f 	 
4@ 
f dqg 
4?
f ’ *4Rf  EZ
WER dqg 4@ f ’ *4R<" EZ
WER1
H{dpsoh 4= D vlqjoh0vwdjh shulrglf0uhylhz lqyhqwru| v|vwhp +frqwlqxhg,
Iru rxu h{dpsoh v|vwhp/ wkh shqdow| frvwv R lq wkh frvw prgho SJr|ER zhuh ghqhg shu
xqlw ri edfnrughuhg ghpdqg dw wkh hqg ri hdfk shulrg1 Xqghu wklv fkrlfh/ dqg xqghu wkh
dvvxpswlrq wkdw wkh ghpdqg glvwulexwlrq 8 kdv qr pdvv lq 3 dqg lv vwulfwo| lqfuhdvlqj rq
dfc4/ zh zhuh deoh wr ghulyh dq rswlpdo srolf| dqg wkh frqwlqxrxv/ vwulfwo| lqfuhdvlqj
ehkdylru ri wkh fruuhvsrqglqj 0vhuylfh ohyho dv d ixqfwlrq ri R1 Wkh rswlpdo srolf|
zdv d edvhvwrfn srolf|1 Khqfh/ e| dsso|lqj Fruroodu| 4/ zh zrxog qg wkdw wkh fodvv ri
edvhvwrfn srolflhv lv dovr rswlpdo iru wkh uhodwhg 0vhuylfh prgho reoEf +dv orqj dv
, 	 f 	 ,1 Wklv zrxog mxvwli| d gluhfw dqdo|vlv ri wkh 0vhuylfh prgho reoEf/ lq
zklfk rqo| edvhvwrfn srolflhv duh frqvlghuhg1
Iru rxu h{dpsoh v|vwhp/ wkhuh duh wzr vwdqgdug dowhuqdwlyhv iru wkh ghqlwlrq ri wkh
shqdow| frvwv= shu shulrg zlwk d edfnorj/ dqg shu xqlw ri ghpdqg wkdw lv qrw lpphgldwho|
vdwlvhg iurp vwrfn +fi1 Wdeoh 4,1 Lq wkhvh fdvhv/ d uhodwhg vhuylfh prgho reoE f lv
rewdlqhg e| fkrrvlqj iru wkh k0 dqg q0vhuylfh phdvxuh/ uhvshfwlyho|1 Lq erwk fdvhv/ djdlq
iru hdfk R : f lw pd| eh vkrzq wkdw d edvhvwrfn srolf| lv rswlpdo iru wkh frvw prgho
SJr|ER1 Krzhyhu/ d qlfh fkdudfwhul}dwlrq iru wkh rswlpdo edvhvwrfn ohyho +fi1 +:,, lv qrw
rewdlqhg wklv wlph/ dqg lw lv qrw srvvleoh wr vkrz wkdw wkh vhuylfh ohyho ri wkh rswlpdo
srolf| lv frqwlqxrxv dv d ixqfwlrq ri R/ dw ohdvw qrw iru d jhqhudo vwulfwo| lqfuhdvlqj ghpdqg
glvwulexwlrq 8 zlwk 8 Ef ’ f dqg d jhqhudo ohdgwlph ,  f1 D frqwlqxrxv ehkdylru fdq
rqo| eh suryhg xqghu vwurqjhu dvvxpswlrqv1 Vr/ rqo| xqghu vwurqjhu dvvxpswlrqv/ lw lv
mxvwlhg wr uhvwulfw d gluhfw dqdo|vlv ri wkh k0vhuylfh prgho dqg wkh q0vhuylfh prgho wr wkh
fodvv ri edvhvwrfn srolflhv1 
8 Ixuwkhu dssolfdwlrqv
Lq wklv vhfwlrq/ zh vkrz krz wkh wkhru| ri wkh Vhfwlrqv 507 fdq eh h{sorlwhg iru wkuhh pruh
h{dpsoh v|vwhpv1 Wkh uvw wzr h{dpsohv duh jhqhudol}dwlrqv ri H{dpsoh 4/ lq zklfk zh
lqfxu d qlwh fdsdflw| dqg pxowlsoh vwdjhv/ uhvshfwlyho|1 Lq wkh wklug h{dpsoh zh dvvxph
glvfuhwh lqvwhdg ri frqwlqxrxv ghpdqg1 Wkhq wkh vhuylfh ohyho ri wkh rswlpdo srolf| iru
wkh frvw prgho lv d vwhszlvh ixqfwlrq dqg wkxv glvfrqwlqxrxv1 Zh vkrz krz khuh rqh pd|
ryhufrph wklv frpsolfdwlrq lq rughu wr vroyh wkh uhodwhg vhuylfh prgho1
H{dpsoh 5= D fdsdflwdwhg vlqjoh0vwdjh shulrglf0uhylhz lqyhqwru| v|vwhp
Frqvlghu wkh vdph lqyhqwru| v|vwhp dv lq H{dpsoh 4/ exw zlwk wkh uhvwulfwlrq wkdw lq hdfk
shulrg rqh pd| qrw rughu pruh wkdq dq dprxqw / zklfk uhsuhvhqwv d olplwhg surgxfwlrq
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fdsdflw| ri wkh vxssolhu1 Ixuwkhu/ zh kdyh wkh vdph surshuwlhv dqg dvvxpswlrqv dv ehiruh>
vhh wkh uvw sdudjudsk ri H{dpsoh 4 lq Vhfwlrq 51 Lq rughu wr rewdlq d vwdeoh v|vwhp/ 
lv dvvxphg wr eh odujhu wkdq wkh phdq ghpdqg > shu shulrg1
Lq wkh frvw prgho SJr|ER iru wklv lqyhqwru| v|vwhp/ zh djdlq kdyh lqyhqwru| kroglqj
frvwv  +: f, shu xqlw ri vwrfn dqg shqdow| frvwv R +: f, shu xqlw ri edfnrughuhg ghpdqg
dw wkh hqg ri hdfk shulrg1 Dqg/ lq rughu wr vdwlvi| Frqglwlrq 4/ zh djdlq fkrrvh wkh
0vhuylfh phdvxuh iru wkh vhuylfh prgho1 Wkh wdujhw vhuylfh ohyho lv ghqrwhg e| f1
Iru wkh frvw prgho/ e| d g|qdplf surjudpplqj dssurdfk/ Ihghujuxhq dqg ]lsnlq
+4<;9, kdyh vkrzq wkdw wkh fodvv ri edvhvwrfn srolflhv lv rswlpdo1 D edvhvwrfn srolf| lv
ghqrwhg e| lwv edvhvwrfn ohyho + +5 LU,/ dqg xqghu edvhvwrfn srolf| + dw wkh ehjlqqlqj ri
hdfk shulrg wkh lqyhqwru| srvlwlrq lv lqfuhdvhg xs wr +/ ru dv idu dv srvvleoh li wkh ohyho +
fdq qrw eh uhdfkhg ehfdxvh ri wkh qlwh surgxfwlrq fdsdflw| 1 Wkh glhuhqfh ehwzhhq
wkh ghvluhg rughu0xs0wr ohyho + dqg wkh ohyho wkdw lv uhdfkhg dw wkh ehjlqqlqj ri d shulrg
lv fdoohg wkh vkruwidoo1 Wkh vkruwidoo surfhvv +l1h1 wkh vkruwidoov lq wkh shulrgv | ’ fc c ,
lv lghqwlfdo wr wkh zdlwlqj wlph surfhvv ri d (mCm txhxh zlwk ghwhuplqlvwlf lqwhuduulydo
wlphv ri ohqjwk  dqg vhuylfh wlphv dffruglqj wr wkh ghpdqg glvwulexwlrq 8 > vhh Wd|xu
+4<<6, dqg ]lmp dqg Ydq Krxwxp +4<<7,1 Wkh vkruwidoo glvwulexwlrq wkdw lv rewdlqhg lq
wkh orqj uxq lv ghqrwhg e| wkh glvwulexwlrq ixqfwlrq C> qrwlfh wkdw wklv C kdv d srvlwlyh
suredelolw| pdvv lq 3/ l1h1 CEf : f1 Wkh dyhudjh frvwv iru edvhvwrfn srolf| + duh htxdo wr
}E+ ’


U +
f
E+  gEC  8,nE n R
U"
+
E +gEC  8,nE li +  f>
R
U"
f
E +gEC  8,nE li + 	 f/
zkhuh  ghqrwhv wkh xvxdo frqyroxwlrq rshudwru iru wkh glvwulexwlrq ri wzr lqghshqghqw
udqgrp yduldeohv1 Wklv irupxod lv vlplodu wr +9,/ dqg khqfh wkh ixuwkhu uhvxowv duh dovr
vlplodu1 Dq rswlpdo edvhvwrfn srolf| 7 lv rewdlqhg e| fkrrvlqj 7 vxfk wkdw
EC  8,nE7 ’ R
Rn 
c
dqg wkh fruuhvsrqglqj 0vhuylfh ohyho lv htxdo wr
E7 ’  
>
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E 7gEC  8,nE 
Zh duh qrz dw wkh srlqw zkhuh qhz uhvxowv duh rewdlqhg1 Zh dvvxph wkdw wkh ghpdqg
glvwulexwlrq 8 lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj rq dfc41 Wkhq dovr C  8,n lv d
frqwlqxrxv dqg vwulfwo| lqfuhdvlqj glvwulexwlrq rq dfc41 Khqfh/ erwk 7 dqg E7 duh
frqwlqxrxv dqg vwulfwo| lqfuhdvlqj dv d ixqfwlrq ri R1 Ixuwkhu/ 7 $ 4 dqg E7 %  dv
R $ 4 dqg 7 & f dqg E7 & ,  E>C*> li R & f/ zkhuh >C ’
U"
f
gCE1 Vr/ e|
dsso|lqj Fruroodu| 4/ zh qg wkdw wkh fodvv ri edvhvwrfn srolflhv lv dovr rswlpdo iru wkh
0vhuylfh prgho reoEf/ zlwk ,  E>C*> 	 f 	 1
Lq wklv fdvh/ d gluhfw dqdo|vlv ri wkh 0vhuylfh prgho lv srvvleoh1 Iru d jlyhq wdujhw
vhuylfh ohyho f/ ,  E>C*> 	 f 	 / wkh rswlpdo edvhvwrfn ohyho 7 iroorzv iurp] "
7
E 7gEC  8,nE ’ >E f 
:Iurp wklv htxdwlrq 7 fdq eh ghwhuplqhg qxphulfdoo| e| d elvhfwlrq surfhgxuh/ surylghg
wkdw wkh lqwhjudo
U"
+
E  +gEC  8,nE fdq eh frpsxwhg iru hdfk ydoxh ri +  f1
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Reylrxvo|/ iru wkh odwwhu/ rqh pxvw dovr eh deoh wr frpsxwh wkh vkruwidoo glvwulexwlrq C1
Iru C dqg wkh lqwhjudo/ rqh fdq xvh d idvw dqg dffxudwh dssur{lpdwlrq surfhgxuh edvhg
rq wzr0prphqw lwhudwlrqv wr ghwhuplqh C1 Dowhuqdwlyho|/ rqh fdq xvh dq h{dfw surfhgxuh
edvhg rq uhfxuvlyh irupxodh wkdw krog li wkh ghpdqg glvwulexwlrq 8 lv d pl{wxuh ri dq
Huodqj0E&   dqg dq Huodqj0& glvwulexwlrq zlwk wkh vdph vfdoh sdudphwhu> vhh Ydq
Krxwxp dqg ]lmp +4<<4/ 4<<:d,1
Ilqdoo|/ rqh pd| zrqghu zkhwkhu wkh fodvv ri edvhvwrfn srolflhv lv dovr rswlpdo iru wkh
k0vhuylfh prgho dqg wkh q0vhuylfh prgho1 Wr dqvzhu wklv txhvwlrq/ zh pd| frqvlghu wkh
frvw prgho SJr|ER zlwk wkh shqdow| frvwv ghqhg dffruglqj wr wkh uvw dqg wkh vhfrqg
dowhuqdwlyh olvwhg lq Wdeoh 4/ uhvshfwlyho|1 Lw dsshduv wkdw wkhq wkh rswlpdolw| ri wkh
edvhvwrfn srolflhv fdq qrw eh vkrzq dq|pruh/ dw ohdvw qrw lq d vlplodu zd| dv xvhg e|
Ihghujuxhq dqg ]lsnlq +4<;9,1 Djdlq dgglwlrqdo dvvxpswlrqv vhhp wr eh qhhghg wr suryh
wkh rswlpdolw| ri wkh fodvv ri edvhvwrfn srolflhv iru wkh wzr frvw prghov dqg iru wkh k0
dqg wkh q0vhuylfh prgho1 
H{dpsoh 6= D pxowl0vwdjh vhuldo lqyhqwru| v|vwhp
Dqrwkhu jhqhudol}dwlrq ri wkh lqyhqwru| v|vwhp ri H{dpsoh 4 lv frqvwlwxwhg e| wkh zhoo0
nqrzq pxowl0vwdjh vhuldo v|vwhp wkdw ruljlqdwhv iurp Fodun dqg Vfdui +4<93,1 Wklv v|vwhp
frqvlvwv ri  + 2 vwrfnsrlqwv/ zkhuh vwrfnsrlqw ? lv vxssolhg e| vwrfnsrlqw ? n /
? ’ c c  / dqg wkh prvw xsvwuhdp vwrfnsrlqw  lv vxssolhg e| dq h{whuqdo vxssolhu1
Wkh fruuhvsrqglqj ohdgwlphv duh ghqrwhg e| yduldeohv ,? +,? 5 LQ iru ? ’ 2c c  / dqg
, 5 LQf,1 Ghpdqg rqo| rffxuv dw wkh prvw grzqvwuhdp vwrfnsrlqw 1 Ixuwkhu/ wkh vdph
dvvxpswlrqv krog dv iru H{dpsoh 41
Lq wkh frvw prghoSJr|ER wkdw kdv ehhq xvhg e| Fodun dqg Vfdui +4<93,/ dw wkh hqg ri
hdfk shulrg/ lqyhqwru| kroglqj frvwv nn? + f, duh frxqwhg shu xqlw ri surgxfw wkdw
lv lq vwrfn dw vwrfnsrlqw ? ru lq wudqvlw iurp vwrfnsrlqw ? wr vwrfnsrlqw ?/ ? ’ 2c c  /
dqg lqyhqwru| kroglqj frvwv  n n  + f, duh frxqwhg shu xqlw ri surgxfw wkdw lv lq
vwrfn dw vwrfnsrlqw 1 Ixuwkhu/ d shqdow| R lv lqfxuuhg shu xqlw ri edfnorjjhg ghpdqg dw
vwrfnsrlqw 41 Xqghu wklv frvw vwuxfwxuh/ edvhvwrfn srolflhv duh rswlpdo/ dqg ixuwkhu wkh
rswlpdo edvhvwrfn ohyhov 7c c 7 pd| eh rewdlqhg iurp  vxffhvvlyh rqh0glphqvlrqdo
plqlpl}dwlrq sureohpv lqvwhdg ri rqh  0glphqvlrqdo plqlpl}dwlrq sureohp> vhh Fodun
dqg Vfdui +4<93,1 Zkloh Fodun dqg Vfdui zrunhg lq d g|qdplf surjudpplqj iudphzrun/ d
gluhfw dyhudjh frvw dqdo|vlv kdv ehhq xvhg lq rxu rzq zrun +vhh h1j1 Odqjhqkr dqg ]lmp
+4<<3,/ zkhuh wklv olqh kdv ehhq vwduwhg,1 Wklv kdv ohg wr Qhzver|0w|sh fkdudfwhul}dwlrqv
iru wkh rswlpdo edvhvwrfn ohyhov dqg erwk d idvw dqg dffxudwh dssur{lpdwlrq surfhgxuh
dqg dq h{dfw surfhgxuh iru wkh frpsxwdwlrq ri wkh rswlpdo srolf| +vhh Ydq Krxwxp dqg
]lmp +4<<4/4<<:d,,1
Djdlq/ d uhodwhg vhuylfh prgho lv rewdlqhg e| fkrrvlqj wkh 0vhuylfh phdvxuh1 Dqg
djdlq/ iru d vwulfwo| lqfuhdvlqj ghpdqg glvwulexwlrq 8 / zh fdq vkrz wkdw wkh 0vhuylfh
ohyho ri wkh rswlpdo srolf| lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj dv d ixqfwlrq ri R1 Khqfh/
wkh fodvv ri edvhvwrfn srolflhv lv dovr rswlpdo iru wkh 0vhuylfh prgho +fi1 Ydq Krxwxp dqg
]lmp +4<<4,,1 Wklv wlph/ wkh frvw prgho kdv wr eh h{solflwo| xvhg wr vroyh wkh 0vhuylfh
prgho/ vlqfh rwkhuzlvh wkh ghfrpsrvlwlrq uhvxow iru wkh vxffhvvlyh ghwhuplqdwlrq ri wkh
rswlpdo edvhvwrfn ohyhov 7c c 7 fdq qrw eh h{sorlwhg1
Iru wkh frvw prgho ghvfulehg deryh wkh surri ri wkh rswlpdolw| ri wkh edvhvwrfn srolflhv
lv edvhg rq frqyh{lw| surshuwlhv ri fhuwdlq rqh0shulrg frvw ixqfwlrqv +vhh h1j1 Ydq Krxwxp
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hw do1 +4<<9, iru dq h{srvlwlrq,1 Wkhvh frqyh{lw| surshuwlhv duh frpsohwho| ghvwur|hg iru
wkh wzr vwdqgdug dowhuqdwlyh ghqlwlrqv ri wkh shqdow| frvwv1 Lq idfw/ wkh dqdo|vlv ri wkhvh
frvw ixqfwlrqv vxjjhvwv wkdw wkh fodvv ri edvhvwrfn srolflhv lv qhlwkhu rswlpdo iru wkh wzr
frvw prghov qru iru wkh k0 dqg q0vhuylfh prgho1 
H{dpsoh 7= D vlqjoh0vwdjh lqyhqwru| v|vwhp zlwk glvfuhwh ghpdqg
Zh qrz frqvlghu wkh vdph lqyhqwru| v|vwhp dv lq H{dpsoh 4/ exw zlwk d glvfuhwh lqvwhdg ri
frqwlqxrxv surgxfw/ dqg khqfh zlwk d glvfuhwh lqvwhdg ri frqwlqxrxv ghpdqg glvwulexwlrq1
Wkh suredelolw| wkdw ghpdqg lq d shulrg lv htxdo wr & lv jlyhq e| ^E&/ & 5 LQf1
Lq wkh frvw prghoSJr|ER/ dw wkh hqg ri hdfk shulrg/ zh djdlq frxqw lqyhqwru| kroglqj
frvwv  +: f, shu xqlw lq vwrfn dqg shqdow| frvwv R +: f, shu xqlw ri edfnrughuhg ghpdqg1
Wkhq wkh dqdo|vlv ri wkh frvw prgho jrhv dorqj wkh vdph olqhv dv iru H{dpsoh 41 Wkh pdlq
uhvxowv duh dv iroorzv1 Li wkh lqyhqwru| srvlwlrq dw wkh ehjlqqlqj ri d shulrg | lv lqfuhdvhg
xs wr + 5 ]]/ wkhq wkh h{shfwhg frvwv dw wkh hqg ri shulrg | n , duh htxdo wr
(E+ ’


S+
&'fE+  &^,nE& n R
S"
&'+nE&  +^,nE& li +  f>
R
S"
&'fE&  +^,nE& li + 	 f/
+43,
zkhuh ^,nE& ghqrwhv wkh suredelolw| wkdw wkh wrwdo ghpdqg ryhu ,n shulrgv lv htxdo wr
&1 Wkh suredelolwlhv ^,nE&/ & 5 LQf/ frqvwlwxwh wkh E,n0irog frqyroxwlrq ri wkh ghpdqg
glvwulexwlrq ^E&/ & 5 LQf1 Lw fdq eh vkrzq wkdw
(E+ n (E+ ’
 Rn ERn S+&'f ^,nE& li +  f>
R li + 	 f/ +44,
dqg/ wkxv/ (E+ kdv d plqlpxp lq + ’ 7/ zkhuh 7 lv wkh vpdoohvw lqwhjhu iru zklfk
7[
&'f
^,nE&  R
Rn 
 +45,
Li wkh lqyhqwru| srvlwlrq lv lqfuhdvhg xs wr 7 dw wkh ehjlqqlqj ri hdfk shulrg/ wkhq wkh frvwv
duh plqlpl}hg lq hdfk shulrg1 Khqfh/ wklv srolf|/ zklfk lv ghqrwhg dv edvhvwrfn srolf| 7/
lv rswlpdo dqg wkh fruuhvsrqglqj h{shfwhg frvwv shu shulrg duh htxdo wr }E7 ’ (E71
Wkh frvw prgho SJr|ER lv uhodwhg wr wkh 0vhuylfh prgho reoEf1 Vr/ wr dsso| wkh
Wkhruhp 4/ zh kdyh wr ghwhuplqh wkh 0vhuylfh ohyho E7 iru wkh rswlpdo srolf| 7 dqg
lwv ehkdylru dv d ixqfwlrq ri R1 Iru wkh vhuylfh ohyho E7/ zh qg
E7 ’  
>
"[
&'7n
E&  +^,nE& c
zkhuh > ’
S"
&'f &^E& ghqrwhv wkh phdq ghpdqg shu shulrg1 Wr ghvfuleh wkh ehkdylru
ri E7 dv d ixqfwlrq ri wkh shqdow| frvwv sdudphwhu R/ zh ghqh R+ vxfk wkdw
+[
&'f
^,nE& ’
R+
R+ n 
c + 5 LQfc +46,
l1h1
R+ G’
S+
&'f ^,nE&
S+&'f ^,nE&  
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Lw lv hdvlo| vhhq wkdw f  Rf  R   Qrz/ iru hdfk R : f/ wkhuh h{lvwv d xqltxh + 5 LQf
vxfk wkdw R+3 	 R  R+ +ghqh R3 G’ f,/ dqg lw iroorzv iurp +45, dqg +46, wkdw 7 ’ + lv
dq rswlpdo edvhvwrfn srolf| dqg E7 ’ E*>S"&'+nE&+^,nE&1 Vr/ iru doo + 5 LQf
dqg R 5 ER+3c R+o/ zh qg wkdw E7 ’ +f zlwk +f G’   E*>
S"
&'+nE&  +^,nE&1
Reylrxvo|/ , ’ ff  f   Wklv vkrzv wkdw E7 lv d vwhszlvh/ lqfuhdvlqj ixqfwlrq1
Ixuwkhu/ E7 & , dv R & f/ dqg E7 %  dv R$41
Dowkrxjk E7 lv qrw frqwlqxrxv dv d ixqfwlrq ri wkh shqdow| frvwv sdudphwhu R/ lq
wklv fdvh wkh vroxwlrq ri wkh frvw prgho vwloo fdq eh xvhg wr vroyh wkh 0vhuylfh prgho
reoEf/ ,  f 	 1 Wkh vroxwlrq lv vwudljkwiruzdug li wkh wdujhw vhuylfh ohyho f lv
htxdo wr +f iru vrph + 5 LQf1 Wkhq zh wdnh R 5 ER+3c R+o/ dqg wkh edvhvwrfn srolf| 7 ’ +
lv rswlpdo iru wkh frvw prgho SJr|ER dqg wkh fruuhvsrqglqj 0vhuylfh ohyho lv htxdo wr
E7 ’ +f ’ f1 Vr/ e| Wkhruhp 4/ wkh edvhvwrfn srolf| 7 ’ + lv dovr rswlpdo iru wkh
vhuylfh prgho reoEf1
Lq jhqhudo/ wkh vhuylfh prgho reoEf lv vroyhg dv iroorzv1 Ohw f 5 E,c 1 Wkhq
wkhuh lv d xqltxh + 5 LQf vxfk wkdw +f  f 	 +nf 1 Ohw xv qrz frqvlghu wkh frvw prgho
SJr|ER zlwk R ’ R+1 E| +46, dqg +45,/ edvhvwrfn srolf| + lv dq rswlpdo srolf| iru wkh
frvw prgho SJr|ER1 Krzhyhu/ e| +46, dqg +44,/ zh qg wkdw (E+ n  ’ (E+1 Vr/ doo
srolflhv xqghu zklfk wkh lqyhqwru| srvlwlrq lv lqfuhdvhg xs wr + ru +n  dw wkh ehjlqqlqj
ri hdfk shulrg/ duh rswlpdo1 Lq idfw/ edvhvwrfn srolf| + dqg edvhvwrfn srolf| +n duh wkh
wzr h{wuhph srolflhv ri wkh zkroh vhw ri rswlpdo srolflhv1 Iru wkhvh wzr edvhvwrfn srolflhv/
wkh 0vhuylfh ohyho lv htxdo wr +f dqg 
+n
f / uhvshfwlyho|1 Qrz/ vlqfh 
+
f  f 	 +nf /
zh fdq frqvwuxfw d pl{wxuh ri wkhvh wzr edvhvwrfn srolflhv lq rughu wr rewdlq dq rswlpdo
srolf| zlwk d 0vhuylfh ohyho htxdo wr f1 Wkh pl{wxuh wkdw zh frqvlghu lv dv iroorzv1 Li dw
wkh ehjlqqlqj ri d shulrg wkh lqyhqwru| srvlwlrq lv douhdg| htxdo wr +n/ wkhq qrwklqj lv
rughuhg1 Rwkhuzlvh/ zlwk suredelolw| o dq rughu lv sodfhg vxfk wkdw wkh lqyhqwru| srvlwlrq
lv lqfuhdvhg xs wr + dqg zlwk suredelolw|  o dq rughu lv sodfhg vxfk wkdw wkh lqyhqwru|
srvlwlrq lv lqfuhdvhg xs wr + n 1 Wklv srolf| lv d jhqhudol}hg edvhvwrfn srolf| dqg zh
ghqrwh lw e| E+c oc +n1 Xqghu wklv srolf|/ diwhu rughulqj/ wkh lqyhqwru| srvlwlrq lv htxdo
wr + lq d iudfwlrq E^Efo*E^Efo ri doo shulrgv dqg htxdo wr +n rwkhuzlvh1 Khqfh/
wkh fruuhvsrqglqj 0vhuylfh ohyho lv htxdo wr
E+c oc + n  ’
E ^Efo
 ^Efo 
+
f n
 o
 ^Efo
+n
f 
Wr rewdlq wkdw E+c oc + n  ’ f/ zh fkrrvh o htxdo wr
o ’
+nf  f
+nf  dE ^Ef+f n ^Effo
+qrwlfh wkdw o ’  li f ’ 
+
f,1 Qrz/ zh fdq dsso| Wkhruhp 41 E| wklv wkhruhp/ wkh
jhqhudol}hg edvhvwrfn srolf| E+c oc + n  lv dovr rswlpdo iru wkh vhuylfh prgho reoEf1
D ohvvrq wkdw zh ohduq iurp wklv h{dpsoh lv wkdw wkh fodvv ri edvhvwrfn srolflhv lv
rswlpdo iru wkh frvw prgho frqvlghuhg deryh/ dqg wkdw rqo| dq h{whqghg fodvv ri srolflhv
lv rswlpdo iru wkh uhodwhg 0vhuylfh prgho1 Ilqdoo|/ iru wklv h{dpsoh/ wkh vdph uhpdunv
zlwk uhvshfw wr wkh k0 dqg q0vhuylfh prgho dsso| dv iru H{dpsoh 41 
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9 Frqfoxvlrqv dqg ixuwkhu uhvhdufk
Lq wklv sdshu zh kdyh hvwdeolvkhg uhodwlrqvklsv ehwzhhq idluo| jhqhudo lqyhqwru| prghov
zlwk shqdow| dqg rwkhu frvwv rq wkh rqh kdqg/ dqg lqyhqwru| prghov lq zklfk d suh0ghqhg
wdujhw vhuylfh ohyho kdv wr eh phw rq wkh rwkhu kdqg1 Uhodwlrqvklsv ehwzhhq wkhvh prghov
h{lvw li wkh frqglwlrqv xqghu zklfk shqdow| frvwv kdyh wr eh sdlg duh forvho| uhodwhg wr
wkh suhflvh ghqlwlrq ri wkh vhuylfh phdvxuh1 Zh kdyh vkrzq wkdw wkhq wkh sureohp ri
plqlpl}lqj lqyhqwru| kroglqj/ rughulqj dqg2ru rwkhu w|shv ri frvwv lq d prgho xqghu d
vhuylfh ohyho frqvwudlqw lv htxlydohqw wr wkh sureohp ri plqlpl}lqj wkhvh frvwv soxv shqdow|
frvwv lq d sxuh frvw prgho1 Pruhryhu/ zh suryhg wkdw wkh vhuylfh ohyho ri wkh rswlpdo srolf|
lq wkh frvw prgho lv d prqrwrqrxvo| lqfuhdvlqj ixqfwlrq ri wkh shqdow| frvw sdudphwhu1
Li wklv ixqfwlrq lq dgglwlrq lv frqwlqxrxv/ wkhq zh fdq ghwhuplqh wkh h{dfw shqdow| frvw
sdudphwhu/ uhodwhg wr d jlyhq wdujhw vhuylfh ohyho/ dqg khqfh zh fdq vroyh wkh vhuylfh prgho
e| dqdo|}lqj wkh fruuhvsrqglqj frvw prgho1
Wkh h{dpsohv jlyhq frqfhuq prghov vxemhfw wr d prglhg oo udwh ru 0vhuylfh phdvxuh/
fruuhvsrqglqj wr d shqdow| frvw shu xqlw ri edfnorj shu wlph xqlw1 Iru wkh 0vhuylfh prghov/
edvhvwrfn srolflhv zhuh vkrzq wr eh rswlpdo1 Iru rwkhu vhuylfh phdvxuhv/ wkh vwuxfwxuh ri
wkh rswlpdo lqyhqwru| srolf| lv qrw wkdw fohdu1 Lq sduwlfxodu/ wkh remhfwlyh ixqfwlrq lq wkh
fruuhvsrqglqj frvw prgho pd| qrw kdyh d xqltxh plqlpxp +lqglfdwlqj wkdw wkh rswlpdo
srolf| lv qrw qhfhvvdulo| ri wkh edvhvwrfn w|sh,/ dqg wkhuhiruh frqwlqxlw| ri wkh vhuylfh
phdvxuh dv d ixqfwlrq ri wkh shqdow| frvwv lv qr orqjhu jxdudqwhhg1 Rqo| lq vshfldo fdvhv
d frpsohwh dqdo|vlv lv vwloo srvvleoh1
Vhyhudo srvvleoh h{whqvlrqv ri wkh fxuuhqw uhvxowv ghvhuyh ixuwkhu lqyhvwljdwlrq1 Iluvw/
zh phqwlrq wkh dqdo|vlv ri wzr0hfkhorq glvwulexwlrq v|vwhpv/ frqvlvwlqj ri rqh fhqwudo
ghsrw dqg pxowlsoh orfdo zduhkrxvhv zlwk d sduwlfxodu +qrw qhfhvvdulo| lghqwlfdo, vhuylfh
ohyho frqvwudlqw dw hdfk zduhkrxvh1 Lq wkh Vhfwlrqv 508/ zh vlqjohg rxw rqh sduwlfxodu
orzhvw ohyho vwrfnsrlqw/ ghqrwhg e| ?f1 Zlwk wkh uhvxowv ri wklv sdshu/ zh duh deoh wr vroyh
wkh prgho zlwk d vhuylfh ohyho frqvwudlqw dw wklv vwrfnsrlqw e| h{sorlwlqj wkh vroxwlrq ri
wkh vdph prgho zlwk shqdow| frvwv lqvwhdg ri wkh vhuylfh ohyho frqvwudlqw dw wklv vwrfnsrlqw1
Khqfh/ wkh glvwulexwlrq v|vwhp/ frqvlvwlqj ri  orfdo zduhkrxvhv/ fdq eh dqdo|}hg dorqj
wkh vdph olqhv e| vxevhtxhqwo| dqdo|}lqj  sureohpv/ zkhuh lq hdfk sureohp dw rqh
sduwlfxodu zduhkrxvh wkh vhuylfh ohyho frqvwudlqw lv uhsodfhg e| shqdow| frvwv1 Wklv ohdgv
wr d qhvwhg surfhgxuh zlwk zklfk wkh vroxwlrq ri wkh sxuh frvw prgho fdq eh h{sorlwhg wr
vroyh wkh prgho zlwk d vhuylfh ohyho frqvwudlqw dw hdfk zduhkrxvh1 Lq wklv zd|/ lw vhhpv
srvvleoh wr suryh wkdw wkh fodvv ri edvhvwrfn srolflhv lv qrw rqo| rswlpdo iru wkh sxuh
frvw prgho zlwk 0w|sh ri shqdow| frvwv dw hdfk zduhkrxvh/ exw dovr iru wkh sxuh vhuylfh
prgho zlwk d 0vhuylfh ohyho frqvwudlqw dw hdfk zduhkrxvh1 Wklv mxvwlhv wkh uhvwulfwlrq
wr edvhvwrfn srolflhv wkdw lv riwhq pdgh iru wkh odwwhu sxuh vhuylfh prgho +vhh h1j1 Glnv hw
do1 +4<<9, dqg Ydq ghu Khlmghq +5333,,1
Dqrwkhu h{whqvlrq lv pruh ixqgdphqwdo dqg uhodwhg wr vsduh sduwv pdqdjhphqw sure0
ohpv1 Wkhuh h{lvwv d udslgo| jurzlqj olwhudwxuh wkdw uhodwhv wkh dydlodelolw| ri vsduh sduwv
wr wkh dydlodelolw| ri frpsoh{ whfkqrorjlfdo v|vwhpv1 Khuh zh revhuyh wkdw/ lq rughu wr
pd{lpl}h wkh rshudwlrqdo dydlodelolw| dv d ixqfwlrq ri vsduh sduwv zlwklq d suh0ghqhg exg0
jhw/ lw lv qrw vx!flhqw wr vhw d wdujhw oo udwh iru hdfk vsduh sduw exw wkh rswlpdo oo udwh
iru hdfk lwhp lv uhodwhg wr wkh frqwulexwlrq ri wkdw sduwlfxodu lwhp wr wkh ryhudoo v|vwhp*v
dydlodelolw|/ dqg khqfh ghshqgv rq erwk wkh lwhp*v idloxuh udwh/ lwv orfdwlrq lq wkh v|vwhp
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frqjxudwlrq/ dqg lwv sulfh1 Vhh Vkhueurrnh +4<<5, dqg Uxvwhqexuj hw do1 +4<<<, iru dq
dqdo|vlv ri vxfk v|vwhpv/ dqg Dyvdu dqg ]lmp +5333, iru d vroxwlrq ri wkh fdsdflwdwhg
yhuvlrq ri wkh sureohp1 Lw wxuqv rxw wkdw/ lq rughu wr rswlpl}h wkh v|vwhp dydlodelolw|/ zh
vhhn iru edvh vwrfn ohyhov iru wkh lqglylgxdo lwhpv vxfk wkdw wkh frqwulexwlrq wr dq ryhudoo
oo udwh shu xqlw ri prqh| lqyhvwhg lv pd{lpl}hg1 Djdlq/ wklv vxjjhvwv wkh vroxwlrq ri d
fruuhvsrqglqj frvw prgho/ edvhg rq shqdow| frvwv shu vwrfnrxw1 Xs wr qrz krzhyhu/ lw lv
xqfohdu zkhwkhu vlplodu uhodwlrqv dv glvfxvvhg lq wklv sdshu gr krog1
Lq frqfoxvlrq/ zh eholhyh wkdw wkh uhvxowv rq wkh uhodwlrqvkls ehwzhhq frvw dqg vhuylfh
prghov/ dv hvwdeolvkhg khuh/ surylgh hylghqfh wkdw d frqfhqwudwlrq rq frvw prghov fdq
eh h{wuhpho| iuxlwixo/ ghvslwh wkh idfw wkdw lq sudfwlfh shqdow| frvwv duh riwhq kdug wr
hvwlpdwh1 Wkh idfw wkdw sudfwlwlrqhuv duh jhqhudoo| suhsduhg wr dgrsw d vhuylfh fulwhulrq
phdqv wkdw wkh| lpsolflwo| dgrsw d shqdow| frvw vwuxfwxuh dv zhoo1 Li zh duh deoh wr vroyh
wkh prgho xqghu wkh odwwhu frvw vwuxfwxuh/ wkhq zh duh deoh wr wudqvirup wkh vroxwlrq wr
wkh ruljlqdo prgho1 Wkdw lv wkh pdlq frqwulexwlrq ri wklv sdshu1
Uhihuhqfhv
 Ddugdo/ N1/ Mrqvvrq/ Ù1/ dqg Møqvvrq/ K1 +4<;<,/ Rswlpdo lqyhqwru| srolflhv zlwk
vhuylfh0ohyho frqvwudlqwv/ Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 73/ 98:61
 Duurz/ N1M1/ Nduolq/ V1/ dqg Vfdui/ K1/ +hgv1, +4<8;,/ Vwxglhv lq Wkh Pdwkhpdwlfdo
Wkhru| ri Lqyhqwru| dqg Surgxfwlrq/ Vwdqirug Xqlyhuvlw| Suhvv/ Vwdqirug1
 Duurz/ N1M1/ Nduolq/ V1/ dqg Vxsshv/ S1/ +hgv1, +4<93,/ Pdwkhpdwlfdo Phwkrgv lq
wkh Vrfldo Vflhqfhv/ Vwdqirug Xqlyhuvlw| Suhvv/ Vwdqirug1
 Dyvdu/ ]1P1/ dqg Z1K1P1 ]lmp/ +5333,/ Uhvrxufh0frqvwudlqhg wzr0hfkhorq lqyhqwru|
prghov iru uhsdludeoh lwhp v|vwhpv/ Zrunlqj Sdshu/ Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|1
 Fodun/ D1M1/ dqg Vfdui/ K1 +4<93,/ Rswlpdo srolflhv iru d pxowl0hfkhorq lqyhqwru|
sureohp/ Pdqdjhphqw Vflhqfh 9/ 7:87<31
 Glnv/ H1E1/ Gh Nrn/ D1J1/ dqg Odjrglprv/ D1J1 +4<<9,/ Pxowl0hfkhorq v|vwhpv= D
vhuylfh phdvxuh shuvshfwlyh/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk <8/ 5745961
 Ihghujuxhq/ D1/ dqg ]lsnlq/ S1K1 +4<;9,/ Dq lqyhqwru| prgho zlwk olplwhg surgxfwlrq
fdsdflw| dqg xqfhuwdlq ghpdqgv/ L1 Wkh dyhudjh frvw fulwhulrq/ Pdwkhpdwlfv ri Rshudwlrqv
Uhvhdufk 44/ 4<653:1
 Kdgoh|/ J1/ dqg Zklwlq/ W1P1 +4<96,/ Dqdo|vlv ri Lqyhqwru| V|vwhpv/ Suhqwlfh0Kdoo/
Lqf1/ Hqjohzrrg Folv1
 Krss/ Z1M1/ Vshdupdq/ P1O1/ dqg ]kdqj/ U1T1 +4<<:,/ Hdvlo| lpsohphqwdeoh lqyhq0
wru| frqwuro srolflhv/ Rshudwlrqv Uhvhdufk 78/ 65:6731
 Mdqvvhq/ I1E1V1O1S1/ +4<<;,/ Lqyhqwru| Pdqdjhphqw V|vwhpv= Frqwuro dqg Lqirupdwlrq
Lvvxhv/ Sk1G1 Wkhvlv/ Wloexuj Xqlyhuvlw|1
4:
 Odqjhqkrii/ O1M1J1/ dqg ]lmp/ Z1K1P1 +4<<3,/ Dq dqdo|wlfdo wkhru| ri pxowl0hfkhorq
surgxfwlrq2glvwulexwlrq v|vwhpv/ Vwdwlvwlfd Qhhuodqglfd 77/ 47<4:71
 Uxvwhqexuj/ Z1G1/ Ydq Krxwxp/ J1M1/ dqg ]lmp/ Z1K1P1 +5333,/ Vsduh sduwv
pdqdjhphqw dw frpsoh{ whfkqrorj|0edvhg rujdql}dwlrqv= Dq djhqgd iru uhvhdufk/ Lqwhu0
qdwlrqdo Mrxuqdo ri Surgxfwlrq Hfrqrplfv1 Wr dsshdu1
 Vfkqhlghu/ K1 +4<:;,/ Phwkrgv iru ghwhuplqlqj wkh uh0rughu srlqw ri dq +v> V, rughulqj
srolf| zkhq d vhuylfh ohyho lv vshflhg/ Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 5</
44;444<61
 Vfkqhlghu/ K1 +4<;4,/ Hhfwv ri vhuylfh0ohyhov rq rughu0srlqwv ru rughu0ohyhov lq lqyhqwru|
v|vwhpv/ Lqwhuqdwlrqdo Mrxuqdo ri Surgxfwlrq Uhvhdufk 4</ 9489641
 Vkhueurrnh/ F1F1 +4<<5,/ Rswlpdo Lqyhqwru| Prgholqj ri V|vwhpv= Pxowl0Hfkhorq Whfk0
qltxhv/ Zloh|/ Qhz \run1
 Vloyhu/ H1D1 +4<:3,/ D prglhg irupxod iru fdofxodwlqj vhuylfh xqghu frqwlqxrxv lqyhq0
wru| uhylhz/ DLLH Wudqvdfwlrqv LL/ 5745781
 Vloyhu/ H1D1/ S|nh/ G1I1/ dqg Shwhuvrq/ U1 +4<<;,/ Lqyhqwru| Pdqdjhphqw dqg
Surgxfwlrq Sodqqlqj dqg Vfkhgxolqj/ Zloh|/ Qhz \run1
 Wd|xu/ V1U1 +4<<6,/ Frpsxwlqj wkh rswlpdo srolf| iru fdsdflwdwhg lqyhqwru| prghov/
Frppxqlfdwlrqv lq Vwdwlvwlfv0Vwrfkdvwlf Prghov </ 8;88<;1
 Wd|xu/ V1U1/ Jdqhvkdq/ U1/ dqg Pdjd}lqh/ P1M1 +4<<<,/ Txdqwlwdwlyh Prghov iru
Vxsso| Fkdlq Pdqdjhphqw/ Noxzhu/ Ervwrq1
 Ydq ghu Khlmghq/ P1F1 +5333,/ Qhdu frvw0rswlpdo lqyhqwru| frqwuro srolflhv iru glyhu0
jhqw qhwzrunv xqghu oo udwh frqvwudlqwv/ Lqwhuqdwlrqdo Mrxuqdo ri Surgxfwlrq Hfrqrplfv
56/ 4944:<1
 Ydq Krxwxp/ J1M1 +4<<3,/ Wkhruhwlvfkh hq qxphulhnh dqdo|vh ydq pxowl0hfkhorq yrru0
uddgv|vwhphq phw olmq0 ri dvvhpeodjhvwuxnwxxu/ Pdvwhu*v Wkhvlv/ Ghsduwphqw ri Pdwkh0
pdwlfv dqg Frpsxwlqj Vflhqfh/ Hlqgkryhq Xqlyhuvlw| ri Whfkqrorj|1 +Lq Gxwfk1,
 Ydq Krxwxp/ J1M1/ Lqghuixuwk/ N1/ dqg ]lmp/ Z1K1P1 +4<<9,/ Pdwhuldov frrugl0
qdwlrq lq vwrfkdvwlf pxowl0hfkhorq v|vwhpv/ Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk <8/
4561
 Ydq Krxwxp/ J1M1/ dqg ]lmp/ Z1K1P1 +4<<4,/ Frpsxwdwlrqdo surfhgxuhv iru vwrfkdv0
wlf pxowl0hfkhorq surgxfwlrq v|vwhpv/ Lqwhuqdwlrqdo Mrxuqdo ri Surgxfwlrq Hfrqrplfv 56/
55656:1
 Ydq Krxwxp/ J1M1/ dqg ]lmp/ Z1K1P1 +4<<:d,/ Lqfrpsohwh frqyroxwlrqv lq surgxfwlrq
dqg lqyhqwru| prghov/ RU Vshnwuxp 4</ ss1 <:43:1
 Ydq Krxwxp/ J1M1/ dqg ]lmp/ Z1K1P1 +4<<:e,/ Rq rewdlqlqj rswlpdo vroxwlrqv iru
pxowl0hfkhorq lqyhqwru| v|vwhpv zlwk vhuylfh0ohyho frqvwudlqwv/ Sdshu suhvhqwhg dw wkh
LQIRUPV Idoo 4<<: Phhwlqj lq Gdoodv1
4;
 ]lmp/ Z1K1P1/ dqg Ydq Krxwxp/ J1M1 +4<<7,/ Rq pxowl0vwdjh surgxfwlrq2lqyhqwru|
v|vwhpv xqghu vwrfkdvwlf ghpdqg/ Lqwhuqdwlrqdo Mrxuqdo ri Surgxfwlrq Hfrqrplfv 68/
6<47331
 ]lsnlq/ S1 +4<;9,/ Lqyhqwru| vhuylfh ohyho phdvxuhv= Frqyh{lw| dqg dssur{lpdwlrqv/Pdq0
djhphqw Vflhqfh 65/ <:8<;41
4<
